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Abstract: In this paper, we give some properties of the left and right finite Caputo derivatives.
Such derivatives lead to finite Riesz type fractional derivative, which could be considered as
the fractional power of the Laplacian operator modelling the dynamics of many anomalous
phenomena in super-diffusive processes. Finally, the exact solutions of certain fractional
diffusion partial differential equations are obtained by using the Adomain decomposition method
and some new diffusion-wave equations are presented.
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1. Introduction

It is known that the classical calculus provides a power tool to explain and to model
many important dynamically processes in most parts of applied areas of the sciences.
But the experiments and reality teach us that there are many complex systems in nature
with anomalous dynamics, including biology, chemistry, physics, geology, astrophysics
and social sciences, and more in particular in transport of chemical contaminant through
water around rocks, dynamics of viscoelastic materials as polymers, diffusion of pollu-
tion in the atmosphere, diffusion processes involving cells, signals theory, control theory,
electromagnetic theory, and many more.

In most of the above-mentioned cases, this kind of anomalous processes have a macro-
scopic complex behavior, and their dynamics cannot be characterized by classical deriva-
tive models. It is also important to remark that the anomalous behavior of many complex
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processes include the multi-scaling in the time and space variables and so also the fractal
characteristics of the media.

Stochastic tools have been used extensively during last 40 years to describe the dy-
namics of many anomalous processes, as such sub and super-diffusive processes. But the
connections of these statistical models with some fractional differential equations, involv-
ing the fractional integral and derivative operators (Riemann-Liouville, Caputo, Liouville
or Weyl and Riesz) have been formally established during the last 15 or 20 years and more
intensively during the last 10 years by so many researches of a large list of different fields.
It is possible to find so many reference of such fractional models and the applications of
the fractional differential equations in the following monographic works by I. Podlubny
(1999 [22]), B.J. West (1999 [26]), R. Metzler and J. Klafter (2000 [21]), E. Hilfer (Ed.)
(2000 [13]), G.M. Zaslavsky (2005 [27]), and A.A. Kilbas, H.M. Sivastava and J.J. Trujillo
(2006 [15]).

The Riemann-Liouville fractional integrals of order o« > 0, for suitable functions ¢ (z)
(x € R), in the interval (a,b) C R, are well known (see for example [22, 24])

I%p(2): = ﬁ / b (=)™ p(0) d, (L1)
2o (x) : = ﬁ / (-2 (C) dC. (1.2)

where I'(.) is the Gamma function. We refer to such fractional integrals I3, and I;"
as left and right handed fractional integrals, respectively. Complementarily we define
I?. = I) := I (Identity operator), as it is usual. Let us point out the namely the
semigroup property for such fractional operators (see, for example, [24]), which can be
written as follows: Vo, 3 > 0,

+
[g+]5+ = ]5+]3+ = Ig+/6a
L =1 =5’

In section 2. of this paper, the corresponding right Caputo fractional derivative is
introduced, as the corresponding complementary operator to the well known left Caputo
fractional derivative, according to the left and right handed fractional integrals given
in (1.1) and (1.2). Some properties of such derivative are presented. In section 2.4, we
obtain the numerical solutions of some simple examples of fractional differential equa-
tions, involving both mentioned Caputo derivatives, by using the Adomian decomposition
method (ADM). As an application, in section ??, we introduce a new fractional finite
Riesz derivative. Such fractional derivative could be considerd as the fractional power of
the known Laplacian operator. Finally, we establish the exact solutions of certain bound-
ary problems for the fractional diffusion-wave partial differential equations by using the
ADM. We remark that the finite Riesz derivative could play an important role in mod-
elling the dynamics of some anomalous phenomena, for example to model the dynamics
of super-diffusive processes, as a alternative to the recently models presented by several
authors by using the Riesz derivative (see for example [19, 20]).
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2. Left and Right Caputo Fractional Derivatives

In this section we present the fractional differentiation on finite interval in the frame-
work of the Caputo fractional calculus. Particular attention is devoted to the ADM
to solve Cauchy type problems of fractional differential equations involving the Caputo
derivatives in a way accessible to applied scientists. By applying such analytic-numerical
technique we shall derive the explicit solutions of some simple linear differential equations
of fractional order.

Definition 1 [10, 24] (left and right handed Riemman-Liouville fractional derivatives)
For functions f (x) given in the interval [a,b], The left and the right handed Riemman-
Liouwille fractional derivatives are given by

010 = e () | T 1)
- (8 [

where m = [a]+ 1, respectively. Fractional derivatives (2.1) and (2.2) are usually named
Riemman-Liouville fractional derivatives.
Definition 2 [10] (finite Weyl fractional derivative)

The finite Weyl fractional derivative of order a, m —1 < a < m of the function
f(t)elm, te(0,a) is defined by

We s (t) = ﬁ / om0 de,

where C™ is the class of all functions f : (0,a) — X, with f® (a) =0, k=0,1,..,m—1.

Let m = 1,2,--- and AC™ ([a,b]) the space of functions ¢ which have continuous
derivatives up to order m—1 on [a, b] with (™1 € AC ([a,b]). Assuming that for m—1 <
a < m and a suitable function ¢ (z) (for example, ¢ € AC™ ([a,b])). The corresponding
left and right Caputo fractional derivatives, of order o > 0, to the Riemann-Liouville
fractional integrals given in (1.1) and (1.2) are given by

Do e (v) = L D™ (x), (2.3)
Dy ¢ () = (=1)" ;""" D" (), (2.4)

2.1 Some properties of the left and right Caputo fractional operators

First we introduce the following Proposition:
Proposition 1 [12]

For a well-behaved function ¢ () (with x € (a,b)) we have

DMy o (z) = (=1)" ¢ (2),

I . a<x<b,
1D (2) = (~1)" {p (0) = iy €52 (b - )},
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and
D"I" =1 and D™I}" = (—)™I.

Assume that ¢ (x) is a suitable function, for example ¢ (x) € AC™ ([a,b]). For a €
(m —1,m) and D™y (x) # 0, we have the following Theorem:

Theorem 1
(1) limg—py D¢ (z) = (=1)" ¢ (2) .
(2) If n>0, and o € (m —1,m], we have

m—1 (_1)m (b _ x)m—abu—m
a p _
D; [kHO (1 k)} L(m—a+1)
b—ux
X Fra(m —plim —a+ 1 —=), b#0.

(3)

LDy e (z) = (=1)" ¢ () +

(4) For B>m>a>m—1,

Iy Dy (x) = (1) I="p (a) +

(5) Form > [ >a>m—1,

Iy D) ¢ (z) = (—1)" D)~ “¢ (x)
ml mkl k+B—a
(b—x) k+1
+k§ Thig—arn D 20

6) Assume that 3>m >a>m—1 and f=m+ v. ]fDmIﬁgo x) # 0, then
bt

D?i]bi@( ) = (il) Ij: Y ().

(7) Assume thatm > a>m —1>n and k+n=m. If DI}, ¢ (x) # 0, then

Dy Iy e (37) = (i1>n D?i_n@ (m)

Proof.
(1)

(m) —x m—a
lim Dy ¢ (z) = (—1)" lim <90 (b) (b )

a—m a—m m— o+ 1)

I
- 1 /; (s — )™ pm*D) (g) ds)

m—a+1)
b

=<—nm(¢mwm— wWW”@ww)=<—nmwwwm.

xT
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So, in (2.3) and (2.4) we can take o € (m — 1,m|.
(2) From the fact that

b—xz) bt —x
1° ZIL—————F —0, 11 —a; —— >0
b—L I (1 — ﬁ) 1,2( » 4 a; b )7 B )
where Fys(a,b;c; z) is the hypergeometric distribution introduced as [3]
Fis(a,b;c; 2) J ,
]Z; (¢); J'
c#0,—-1,-2,---, |2| <1, and (a); = Flg(l(:)]) So, we have

Di_a" = {mﬁl (1 — k)} (_1):((” — )"

k=0 m—a+1)

><F12(m u,l,m—oa—i—l ) b#O

b
for n >0, and a € (m — 1,m].
(3)
LDy () = LD ¢ (x) = [,2 D™ ¢ (x)

(4) For B>m>a>m—1,

I D ¢ (x) = I I *D"p (x)
= "D (a

)
m—l( )m k—1 (b )k—i-ﬁ—a

= ()" L% (z) + T(k+8-a+1)

D¥o (b).

k=0
(5) Form > [ >a>m—1,
;D) ¢ (x) = LI D" ()
= "D (D () = (=1)™ D% ()

m—1 m—k—1 k+B—a
-1 b—ux
( ) ( ) Dk—HgO (b) ]

+ Tkt f—at])

k=0
(6) Assume that §>m > a>m —1 and § =m+v. If DI} ¢ (x) # 0, then
Dy Ly () = Ly D LI g ()
= (E)" L e (2) = (D)™ Ly (1)
(7) Assume thatm > a>m —1>n and k+n=m. If DI}, ¢ (x) # 0, then

Dy Ipvp (x) = L D™ I (x) = (£1)" Dy e (x).
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It is easy to check that the following Lemma is true.
Lemma 1

If ©® (b) =0, for all p=0,1,2,---,[a]. Then [10]
(a) lima—p, DY ¢ (z) =D} ¢ (z) = (FL) ¢ (z) and
(b) The family {Dy_; « € R} is a multiplicative group.
(¢) If p>0,a€ (m—1,m](m>1)and b> x, then
I(p+1)

DS, (b—a)t = 1L
w0 ) = e

(b—z)t™.

2.2 The relationship between the operators Dy and D}

The left and the right handed Riemman-Liouville fractional derivatives are given as [24],

Dot () = m (d%)m/ %, (2.5)

o=l () % 2.6

where m = [a] 4 1, respectively.

When « € (0,1) we have the following relationship between the operators D§ and
DY (see [24])

= [(zf—(%a ~ Doy (‘”)] |

Such relations can be extended easily to the case that « € (m — 1, m] as follows:

() = il

$ @) =Dp o+ Y OO
k=0

So, if a € (m —1,m] and ©® (z) =0 for all k=0,1,2,--- ,m — 1, then

Dy ¢ (z) =Dy ¢ (z).

Gi—atl) [DFe (x)] . _, - (2.7)

Remark 1

(A) From the relationship (2.7) between the operators DY and ©f , we find that the
finite Weyl derivative (Definition 2) coincide with the right handed Riemman-Liouville
fractional derivative (Definition 1).

(B) By passing to the limit for « — m~ and using (2.7), we have

—_

lim OF ¢ (z) = (=)™ o™ (z) + Y (=1)"F 50 =1 (b — 2) o) ()

a—m~
0

3

i

#(=1)" ™ (2).

So, from Theorem 1 (1), we see that the right Caputo fractional derivative Dy have
the continuation property, in other hand this property is not verified in the case of the
right handed Riemman-Liouville fractional derivative.
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The following results are well known (see, for example [15]). Here we will present a
proof of it by using the ADM as an example. We must mention that the ADM to solve
the ordinary fractional differential equations has been used by several authors with good
results (see, for example, [23, 25]).

Lemma 2 Let z € (a,b) C R, ¢, € R, and a € (0,1]. Then the following Cauchy type
problem

‘Dgye(x) = ¢ (x) (
p(a) = ¢a,
have the unique solution
p (1) = poFu ((x —a)7). (2.10)

Proof. First of all we can be sure that the problem (2.8)-(2.9) have a unique continuous
solution by the application of the known existence theorem for Cauchy type problems in-
volving the left Caputo derivative (see for example, [9] and [15]). Here, we apply the ADM
to get the exact solution of the problem (2.8)-(2.9). In fact by the mentioned theorem
we know that such problem is equivalent to the following Volterra integral equation

p(2) =+ I3 p(2).
Now solving the last equality by using the ordinary ADM, with ¢g (z) = ¢,, we have

(z —a)”

=1 = ¥Yar7
®1 ('/E) a-‘,-SOD 2 F(l-'-Oé)

(z—a)™

n == Ia n— - a 3 Z ]_
2 ([E) a+90 1 ® F(1+na) n

Then, we can conclude that the unique solution of (2.8)-(2.9) is given by (2.10). =
Lemma 3 The unique continuous solution of the following Cauchy type problem

‘Dy p(r) =y¢(x), v €(a,b) CR, o€ (0,1], (2.11)
@ (b) = p (2.12)

15 given by
o (x) = grEa ((b—2)7). (2.13)

Proof. As in Lemma 2, we apply the corresponding existence theorem to Cauchy type
problems involving the right Caputo derivative “Dj' , from which we know that the prob-
lem (2.11)-(2.12) has a unique continuous solution which is equivalent to the integral
equation
p(r)=p— L ().

Now we can apply the ADM, with ¢g () = ¢y, so we obtain that

Nt =)
and we can conclude that (2.13) is the solution of (2.11)-(2.12). m
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2.3 A physical model

Consider a semi-infinite rod with a thermal source producing a temperature wave f ()
localized at the front of the rod. The temperature wave intensity of the rod is registered
by a detector at the times ¢ = 0 and ¢ = b.

An efficient way of obtaining some information about a layered medium structure and
makeup is to measure its temperature wave expose reaction. The suggested technique
allows us to restore the medium basic parameters with arbitrary accuracy.

Notice that in this case we study the primary phase of temperature oscillation in
order to solve inverse problems. In the case of media exhibiting memory. So, we have
the following boundary value problem in Q = {(z,¢): x >0, t € [0,b]} :

DY, ¢ (2,1) = VaQ‘gg’t), a€ (0,2, z>0, tel0b],
¢ (z,0) =p(x), >0,
o(x,b)=¢q(z), x>0, a€ (1,2, (2.14)
@(va = f(t), te [076]
§0r<07t) - g(t)v te [07b]

where A is the thermal diffusivity and « is the anomalous diffusion index, (see for example

[4])-

2.4 Applications of the Adomian method to solve fractional models

The ADM has been used to solve the problem (2.14) in the case a = 1,2 by Lesnic
[16, 17, 18]. In this section we extend the ADM given in [16, 17, 18] to obtain the explicit
solution of this boundary problem in the case that o € (0,1) and a € (1,2) for the
following examples.

Example 1 Consider the fractional boundary value problem

0*u (z,t N 1
TUOD) D% uw), ac (1 >0, te0.0).
2(b—t)**
t) = —————, { b
u0.8) = Fgapy tE 0D,
uz (0,¢) =0, t € (0,0),
u (z,0) —x2+ﬂ u(x,b) = 2°
T I (2a+1) B
The solution of this problem is given by
C20-p*
wD = T aayn T

Let us define the starting term

b—1

wie ) =5 o0+ a0 + o)+ (25 (o) = o).
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and the recurrence relation as [16, 17, 18],
1
Unyy (z,1) = 3 [L;'Lyw + L L) wy, >0,

2
where Ly =° D¥_, Lyy = £,

Lohw () = /t b %w(s)ds%— (%)a /0 b %w(s)ds,
- /0 " Ox/ i’

The ADM gives the solution in the following decomposed form

N—oo

N
w(z,t) = lim Oy (z,t), Py (r,t)=Y u,(z,t), N>0.
n=0

In this example, we use this starting term and recurrence relation in the decomposition
method to avoid the error which may be appear in our solution (see [1, 2, 16, 17, 18]).
Now, using Lemma 1 (¢) and Theorem 1 (3), with m = 2, we can conclude that

2th* 2(b—t)* 2th* =1
)= —— 42
u(z,t) F(2a+1)+<x +r(2a+1)+r(2a+1)>nz:02n+l
», 2(—1)*
I'(2a+1)

We check easily that when o — 1, we have ¢ (x,t) = x> + (b —t)*, which is the solution
of the wave equation,
OPu(z,t)  0%u(x,t)

% og? , 0<t<b, x>0,
i

with the conditions
w(0,t) = (b—1)*, uy (0,t) =0, 0<t<b,

u(r,0) = 2>+ b*, u(x,b) =2 z>0.

Example 2 Consider the backward fractional heat equation given as [11]

ou (z,1t)
ot

subject to the following initial and boundary conditions

1
= kD25 _u(x,t), a€ (5,1], z € (0,b), t >0,

u(z,0) = fo(x), = €0,0]
u(0,t) =p(t), u(bt)=r(t), t>0,

where D _u (x,t) = Ibz_’a%. We use the starting term

w(et) =3 [m@ o0+ (S55) 00 -p0)],
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and the recurrence relation

1 1
Upi1 (T,1) = 3 {k:L ' + kLmlLt} Up, 1 >0,
where L, = aw Lze = D2 _,

Lwi = [ s

b 2a—1 @ b 2c0—1
_ - b—uz (b—s)
L 1 — (8 'T) d / d .
S = [ Eei—wn s () [ S
To illustrate the decomposition method for solving this problem, consider k = 1, fo(z) =

2(b—z)2 __2h%>
T(1+2a) ? (t) — T'(1+2a)

starting term gives

+ 2kt and r(t) = 2kt, then the given recurrence relation and

L2 —2)*  2(b—2)*b°
(@) = Fa2a) T Tax2a) T M
1o [2(b—2) 2(b—x)"b"
_ >
G = T | i 20) - T(r2a) 22l

and

u(x,t) = Zun (x,t)

20— [(2(0-2)™ 20— )% b\ o= 1
- I'(1+2a) +<F(1+2a)+2kt_ I (1+ 2a) );wl
2(b—z)*

_ 20T o
F(1+2a) &

As a — 1, we have
u(z,t) = (b—x)* + 2kt

which the solution of the forward and backward heat problem (see [17])

ou(z,t) kﬁzu (z,t)
o ox? 7’
with the initial and boundary conditions wu(z,0) = (b—x)*, u(0,t) = 2kt, u(b,t) =

b? + 2kt.

O<ax<b t>0, k==£1,

3. The finite fractional powers of the second order derivative

The finite Riesz potential, for z € (a,b) C R, was introduced in [24], as follows:

I3 o (@ )+I{3 ¢ (z)
2608(

— al
s arres /|a: " Q) e,

f&,b)w (z) =
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for any o > 0 with the exclusion of odd integer numbers for which cos (‘”) vanishes.
The finite Riesz potential given above has the semigroup only in restricted rang, e.g.

[“*ﬁ

I(ab)l y for0<a<l 0<f<l at+p<Ll

(a,

Now, we can introduce the finite Riesz derivative, in the framework of the Caputo
derivative, as follows:

Rig e (x) = Iy D™ () = I, (D™ (z))
_Dgie(x) + Dj 90(56)

(m—a)m
2 cos < 5

)
- — /|:c (" D Q) de,
2F(a)cos<

for any positive a € (m — 1, m) and x € (a,b) C R.
In general, the Riesz fractional derivative RO‘ ) turns out to be related to the $-power

of the positive definite operator —D? = —dd—2 as follows

o d? :
R, pp () = o ¢ (z)

/

D, p(z)+Dy_p(z)

- 2COS((172(1)7T) ) RS (07 1)7
D« z)+D¢ T
=9\ - a;:i)(s()(—go?ﬁs;( )7 S (172)7 (31)
2
1 b De() _
\ T Ja [t—C] dC7 o = 17

where z € (a,b) C R.

From our definition of the finite Riesz derivative it is easy to prove the following

Lemma.
Lemma 4

Let a € (1,2), and ¢ (x) be suitable function, for example ¢ (z) € AC?, then

(a) lima—o R{, ;¢ (z) = —%cp (x).
(b) R, (kx+ () =0 for all constants k, L.
(¢) For a € (m —1,m], we have

R(aa,b)lgfi-go ((13) = [:;7;)a90 (iL‘) )

and

(d) R?mb)]z?ﬂ@(x) (=™ I(ab)SO()
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Proof.
(a)
limy R,y (@) = limy 125D% (@)

Da-i-gp( )+Dl?

= lim |— — | ¢ (2)
a2 2 cos <(2_a)7r>
2
d2
= a2 ().

So, in (3.1) we can take o = 2.
(b) R{, 4 (kx+0) = I(zajl:))‘D2 (kx +€) =0 for all constants k, (.
(¢) For a € (m —1,m), then by using Proposition 1, we have

R,y Ilp (2) = It D™ (I0p () = I7 e (@),

(d) Ry lite () = I, D™ (Ike (2) = (1) Ii 5 (@)
|

Remark 2

The finite Riesz derivative introduced above could be so convenient to be applied in
model connected with physics, engineering, and applied science (see for example, [20-23]).
Also we must point out that The finite Riesz derivative is a complementary operator to
the well known Riesz derivative given explicitly by Samko et al. [24], in the d-dimensional
case, as follows:

a2 —TI'[(d—2+a)/2]
<_A)d/ f(x) = (2 a)/222 aF 2—04 /2 / ||$ f”d 2+adQ <£>
= —I; “[Af (2)].

where 0 < a <2, x€QCR? and

[(d+ 5) /2]

B
Ijw(z) = WB/22ﬁF ﬁ/z/Hx Tk 2.

Example 3

We can consider the space-time fractional diffusion equation in a finite space domain,
which is obtained from standard diffusion equation in a finite space domain, by replacing
in the standard diffusion equation

2u(xt) Ca—Qu(xt) reR, t>0
ot 2 T

the second-order space derivative by the finite Riesz derivative of order 3 € (1,2] and the
first-order time derivative by the Caputo derivative of order o € (0, 1], which can inter-
preted as a space and time derivative of fractional order, we obtain a sort of generalized
diffusion equation.

D%u (z,t) = CR%u (x,t), = € (a,b), t > 0.
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The infinite space domain was investigated with respect to its scaling and similarity prop-
erties in [14].
D%u (z,t) = CR%u(x,t), z €R, t >0 (3.2)

with to the initial condition

u(z,0)=0(z), x € R, (3.3)

where D = Dy, s the Caputo time fractional derwative of order o, with respect to
t, RS = R(ﬂmb)’x is the space finite Riesz derivative of order (3 in (a,b), C is the positive
coefficient of diffusion, o« € (0,1], 8 € (1,2], u(x,t) is a real function in the time-space
variables, and ¢ (x) is the Dirac delta function. So the solution of (3.2) with the initial
condition (3.3) is given as [14]

o (2, 1) = / G (& — 9,16 () dy.

[e.o]

where | e
Gap(7,t) = 7 / e " E, [C(—ik)’t*] dk.
™ —00

and E, (2) is the Mittag-Leffler function defined as [22]

n

Po2) = 2 Ty

n=0
Acknowledgement

The authors would like to acknowledge a useful discussion with Professor Juan J.
Trujillo.



94 Electronic Journal of Theoretical Physics 3, No. 12 (2006) 81-95

References

[1] G. Adomian, A new approach to the heat equation-an application of the
decomposition method, J. Math. Anal. Appl. (1986), 113, 202-209.

[2] G. Adomian, Modification of the decomposition approach to the heat equation, J.
Math. Anal. Appl. (1987), 124, 290-291.

[3] G. Bateman and A. Erdélyi, Higher Transcendental Functions, vol. 1, McGraw-Hill,
New York 1953.

[4] A. N. Bondarenko, D. S. Ivaschenko, Levenberg-Marquardt method for restoration
of layered medium key parameters, Korus (2005), 43-46.

[5] W. Chen and S. Holm, Fractional Laplacian time-space models and Lévy stable
distribution for linear and nonlinear frequency-dependent lossy media, Research
Report Simula Research Lab., (2002), No. 2002-9.

[6] W. Chen and S. Holm, Lévy stable distribution and [0,2] power dependence of the
absorption coefficient on the frequency, Chin. Phys. Lett., (2005), 22(10), 2601-2603.

[7] W. Chen and S. Holm, Fractional Laplacian time-space models for linear and
nonlinear lossy media exhibiting arbitrary frequency dependency, J Acoust Soc. Am.
(2004), 115, 1424-1430.

[8] W. Chen, Time-space fabric underlying anomalous diffusion, Chaos, Solitons and
Fractals, (2006), 28, 923-929.

9] K. Diethelm, Fractional Differential Equations, Theory and Numerical Treatment,
manuscript, http://wwwpublic.tu-bs.de/ diethelm/lehre/f-dgl /fde-skript.ps.

[10] A.M.A. El-Sayed, Finite Weyl fractional calculus and abstract fractional differential
equations, Fract. Calc. (1996), 9, 59-68.

[11] A.M.A. El-Sayed, Fractional-order diffusion-wave equation, Int. J. Theoretical
Physics, (1996), 35 (2), 311-322.

[12] R.  Gorenflo and F. Mainardi, Essentials of Fractional Calculus,
www.maphysto.dk/oldpages/events/ LevyCAC2000/MainardiNotes/fm2k0a.ps.

[13] R. Hilfer (Ed.), Applications of Fractional Calculus in Physics, World Scientific Publ.
Co., Singapore, 2000.

[14] F. Hunag and F. Liu, The space-time fractional diffusion equation with Caputo
derivatives, J. Appl. Math. & Computing (2005), 19, (1-2),179-190.

[15] A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of
Fractional Differential Equations, North-Holland Mathematical Studies, Vol. 204,
Elsevier, Amsterdam, 2006.

[16] D. Lesnic, A computational algebraic investigation of the decomposition method for
time-dependent problems, Appl. Math. Comput. (2001), 119, 197-206.

[17] D. Lesnic, The Cauchy problem for the wave equation using the decomposition
method, Appl. Math. Lett. (2002), 15, 697-701.

[18] D. Lesnic, The decomposition method for forward and backward time-dependent
problems, J. Comput. Appl. Math. (2002), 147, 27-39.

[19] F. Mainardi, Y. F. Luchko and G. Pagnini, The fundamental solution of the space-
time fractional diffusion equation, Fract. Cale. Appl. Anal. (2001), 4, 153-192.



Electronic Journal of Theoretical Physics 3, No. 12 (2006) 81-95 95

[20] F. Mainardi and G. Pagnini, Space-time fractional diffusion: exact solutions and
probability interpretation. In: “WASCOM 20017-11th Conference on Waves and
Stability in Continuous Media, World Sci. Publishing, River Edge, New Jersey, 2002,
296-301.

[21] R. Metzler and J. Klafter, The random walk’s guide to anomalous diffusion: A
fractional dynamics approach, Phys. Rep., (2000), 339, 1-77.

[22] I. Podlubny, Fractional Differential Equations, Academic press, San Diego, 1999.

[23] S. Saha-Ray and R.K. Bera, Analytical solution of a fractional diffusion equation by
Adomian decomposition method, Appl. Math. and Comput. (2006), 174, 329-336.

[24] S. Samko, A. Kilbas, and O. Marichev, Fractional Integrals and Derivatives: Theory
and Applications, Gordon and Breach, London, 1993.

[25] N. T. Shawagfeh, Analytical approximate solutions for nonlinear fractional
differential equations, Appl. Math. and Comput. (2002), 131, 517-529.

[26] B. J. West, Physiology, Promiscuity and Prophecy at the Millennium. A Tale of Tails,
World Scientific Publishing Company, Singapore, 1999.

27] G. M. Zaslavsky, Chaos and Fractional Dynamics, Vol. 511 of Lect. Notes in Phys.,
Oxford University Press, Oxford, 2005.



