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1. Introduction

Recently, a new geometrical picture describing the various fundamental interactions

has been proposed by A.Connes [1], [2], [3], [4]. It consists in the generalization of the

classical differential geometry using a more profound mathematical formalism based on

the discrete spaces non commutative geometry (NCG).

The success of the latter comes from the fact that it gives a geometric interpretation

of the Higgs fields origin used in the in the standard model.

In this context, Chamseddine and collaborators [5], [6], [7] have reformulated General

Relativity by considering a composed space- time consisting of a tensor product of a

4-dimensional manifold and a two points discrete space.

On the other hand, there exist many others theories inspired by General Relativ-

ity, which are based on a general non-symmetric metric gµν ,and in particular the Non

Symmetric Gravitation theory (NGT) [8], [9], [10].

Yet, NGT as it was initially formulated lacked self-consistency; in particular the non-

physical modes in the skewon sector are coupled with the physical ones.
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Recently, a new more consistent version of NGT was proposed by Moffat and Legaré

[11], where these problems have been circumvented by adding new terms by hand to the

action, but without any geometrical motivation.

In [12], we have derived an NGT action where the new terms added by Moffat in his

new version of NGT are now a consequence of the discrete structure of space-time, with

an additional interaction term εgµν
ab Rba

µν .

In this work, we propose a new action for NGT without this interaction term. This

was possible by generalizing the trace and introducing an operator P which permutes the

indices of the Dirac γ matrices.

Moreover, the construction of this action with the scalar field coupled to NGT was

possible by taking a general form of the generators of the 1-forms space Ω1
D (B).

2. Formalism

In [6], the Hilbert-Einstein action was reformulated from the following Dirac opera-

tor:

D =




γa ⊗ eµ
a∂µ ⊗ 1 γ5 ⊗M12 ⊗K12

γ5 ⊗M21 ⊗K21 γa ⊗ eµ
a∂µ ⊗ 1


 =




γaeµ
a∂µ γ5M12K12

γ5M21K21 γaeµ
a∂µ




where eµ
a are the General Relativity (GR) vierbeins.

NGT as an extension of GR is based on the non-symmetric metric:

gµν = eµ
a ẽ

ν
bη

ab

where here eµ
a is the NGT vierbein and ẽµ

a it’s hyperbolic complex conjugate.

To generate non-symmetric terms and get an NGT action, we generalize the Dirac

operator in the following form:

D =




γa ⊗ Eµ
a ∂µ ⊗ 1 γ5 ⊗M12 ⊗K12

γ5 ⊗M21 ⊗K21 γa ⊗ Eµ
a ∂µ ⊗ 1


 =




γaEµ
a ∂µ γ5M12K12

γ5M21K21 γaEµ
a ∂µ




where Eµ
a is a 2× 2 matrix (the generalized vierbein) defined by:

Eµ
a = (Eµ

a )? =




0 eµ
a

ẽµ
a 0




and M12, M21 (resp. KK12, K21) are 2×2 (resp. NN×N) matrices. Here the γa ’s are the

ordinary Dirac matrices in the flat four-dimensional space-time and redefined such that

[6]:

γa∗ = −γa,
{
γa, γb

}
= γaγb + γbγa = −2δab (1)

γab =
1

2

[
γa, γb

]
, γ(ab) =

1

2

{
γa, γb

}
= −δab
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In order to have a self-adjoint Dirac operator as it is required, one has to set the

conditions:

K∗
21 = K12 = K (2)

and

M12 = M∗
21 = M

The basic algebra A is defined as:

A = C∞
R (X)⊗ (M2 (K)⊕M2 (K)) = C∞

R (X,M2 (K))⊕ C∞
R (X, M2 (K)) (3)

A =





α(1) + α(2); α(i) =




a(i) 0

0 b(i)


 ; a(i), b(i) ∈ C∞

R (X,K) , i = 1, 2





(4)

with

C∞
R (X,M2 (K)) = C∞

R (X)⊗M2 (K)

where C∞
R (X) denotes the space of an infinite differentiable real function on a manifold

X, and M2 (K) is the set of the 2× 2 hyperbolic complex matrices.

In what follows, we restrict ourselves to a sub-algebra B of A such that:

A representation of this sub-algebra on a Hilbert space H is given by:

π (α) = π
(
α(1) + α(2)

)
=




1⊗ α(1) ⊗ 1 0

0 1⊗ α(2) ⊗ 1


 =




α(1) 0

0 α(2)


 (5)

where H is defined as[6]:

H = L2 (S1, dv1)⊕ L2 (S2, dv2) (6)

with L2 (Si, dvi) is the square integrable functions over Si such that

Si = S0 ⊗K , i = 1, 2 (7)

where S0 is the spinors space, and dvi the volume element on X.

For the space of 1-forms denoted by Ω1
D (B), one has as a representation:

Ω1
D (B) = π

(
Ω1 (B)

)
=

{
π (ω) = π

(∑
i

αiδβi

)
=

∑
i

π (αi) [D, π (βi)]

}
(8)

Straightforward calculations give:

π (ω) =




γaEµ
a ω

(1)
µ γ5K12Φ12

γ5K21Φ21 γaEµ
a ω

(2)
µ


 (9)
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where

ω(m)
µ =

∑
i

α
(m)
i ∂µβ

(m)
i m = 1, 2 (10)

and

Φmn = φmnMmn (11)

with

φmn =

(∑
i

(
α

(m)
i β

(n)
i − 1

))
m 6= n = 1, 2 (12)

where we have used the normalization condition:

∑
i

α
(1)
i β

(1)
i =

∑
i

α
(2)
i β

(2)
i = 1 (13)

Now, in order to get a representation of the 2-forms space Ω2 (B) without the junk

forms (auxiliary fields), one has to take:

Ω2
D (B) = π

(
Ω2

D (B)
)
/Aux2 (14)

where Aux2 is the space of the auxiliary fields defined as:

Aux2 = {π (δω) / π (ω) = 0} , ω ∈ Ω1 (B) (15)

with

π (δω) =
∑

i

π (δαiδβi) =
∑

i

[D, π (αi)] [D, π (βi)] (16)

Direct but lengthy calculations lead to:

π (δω)11 = γaγbEµ
a Eν

b

(
∂µω

(1)
ν −X

(1)
µν

)
+ K12K21M12M21 (φ12 + φ21)

π (δω)22 = γaγbEµ
a Eν

b

(
∂µω

(2)
ν −X

(2)
µν

)
+ K21K12M21M12 (φ21 + φ12)

π (δω)12 = K12γ
aγ5

(
Eµ

a M12

(
∂µφ12 + ω

(1)
µ

)
−M12E

µ
a ω

(2)
µ − [Eµ

a ,M12] Y
(12)
µ

)

π (δω)21 = K21γ
aγ5

(
Eµ

a M21

(
∂µφ21 + ω

(2)
µ

)
−M21E

µ
a ω

(1)
µ − [Eµ

a ,M21] Y
(21)
µ

)

where the hyperbolic complex functions X
(m)
µν and Y

(mn)
µ are given by:

X(m)
µν =

∑
i

α
(m)
i ∂µ∂νβ

(m)
i m = 1, 2

and

Y (mn)
µ =

∑
i

α
(m)
i ∂µβ

(n)
µ m 6= n = 1, 2 (17)

After some simplifications, we obtain for Aux2 the following expression:

Aux2 =




γaγbEµ
a Eν

b X
(1)
µν Kγaγ5 [Eµ

a ,M12] Yµ

K∗γaγ5 [Eµ
a ,M21] Zµ γaγbEµ

a Eν
b X

(2)
µν


 (18)
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where X
(1)
µν = X

(1)
νµ , X

(2)
µν = X

(2)
νµ , Yµ, Zµ are arbitrary hyperbolic complex functions.

The curvature tensor RAB
(
A,B = 1, 5

)
is given by the Cartan structure equations

[6],[7]:

RAB = dΩAB +
∑

C

ΩACΩCB

where ΩAB ∈ Ω1
D (B)are the components of the connection such that:(

ΩAB
)

mm
= γaEµ

a ω
(m)AB
µ m = 1, 2(

ΩAB
)

mn
= γ5KmnMmnφ

AB
mn m 6= n = 1, 2.

and are subject to the unitarity condition:(
ΩAB

)∗
= ΩBA

This leads to the following constraints on the fields:

ω̃(1)AB
µ = −ω(1)BA

µ , ω̃(2)AB
µ = −ω(2)BA

µ

φ̃AB
12 = φBA

21 , φ̃AB
21 = φBA

12

In order to get an explicit expression for RAB and Aux2, we make the following choice

for the matrix M:

M = µ




0 1

0 0


 (19)

We note that this choice is not arbitrary; indeed when we go from the space π (Ω2
D (B))

to the quotient space Ω2
D (B) = π (Ω2

D (B)) /Aux2, the fields φAB
mn vanish unless the matrix

M obeys equation (A1). For simplicity, µ is taken to be equal to one.

With this choice, we get the following expressions for the elements of the curvature

tensor RAB:

RAB
11 = γaγb (ηµν

ab 1− εgµν
ab τ3)

(
R

(1)AB
µν −X

(1)AB
µν

)
+ K.K∗HAB

12 τ

RAB
22 = γaγb (ηµν

ab 1− εgµν
ab τ3)

(
R

(2)AB
µν −X

(2)AB
µν

)
+ K∗.KHAB

21 τ

RAB
12 = K.γaγ5ẽµ

a

(
∇µϕ

AB
12 τ −

(
ϕAC

12 ω
(2)CB
µ + ω(2)AB

)
τ + Y AB

µ τ3

)

RAB
21 = K.∗γaγ5eµ

a

(
∇µϕ

AB
21 · τ −

(
ϕAC

21 ω
(1)CB
µ + ω

(1)AB
µ

)
τ − ZAB

µ τ3

)

where:

R
(m)AB
µν = ∂µω

(m)AB
ν +

∑
C

ω
(m)AC
µ ω

(m)CB
ν m = 1, 2

and:

HAB
12 = ϕAC

12 ϕCB
21 + ϕAB

12 + ϕAB
21

HAB
21 = ϕAC

21 ϕCB
12 + ϕAB

21 + ϕAB
12

∇µϕ
AB
12 = ∂µϕ

AB
12 + ω

(1)AC
µ ϕCB

12 + ω
(1)AB
µ

∇µϕ
AB
21 = ∂µϕ

AB
21 + ω

(2)AC
µ ϕCB

21 + ω
(2)AB
µ

We obtain for Aux2 the following expression:

Aux2 =




γaγb (ηµν
ab − εgµν

ab τ3) X
(1)
µν −K.γaγ5ẽµ

aτ3Yµ

K∗.γaγ5eµ
aτ3Zµ γaγb (ηµν

ab − εgµν
ab τ3) X

(2)
µν


 (20)
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where we have used the fact that:

M12 = M =




0 1

0 0


 , M21 = M∗

12 =




0 0

1 0


 ,

τ =




1 0

0 0


 , τ =




0 0

0 1




and

Eµ
a Eν

b = ηµν
ab 1− εgµν

ab τ3

with:

ηµν
ab = (αµ

aαν
b − βµ

a βν
b ) = +ηνµ

ba

gµν
ab = αµ

aβν
b − βµ

a αν
b = −gνµ

ba

τ − τ = τ3

and

αµ
a = 1

2
(eµ

a + ẽµ
a)

βµ
a = 1

2
ε (eµ

a − ẽµ
a)

ε is the hyperbolic complex number satisfying:

ε2 = 1 ,and, ε̃ = −ε

The expression of the curvature tensor RAB orthogonal to the space of the auxiliary

fields Aux2 is given by:

RAB
11 = 1

2

(
γabηµν

ab 1 + εgµν
ab τ3

) (
R

(1)AB
µν

)
− 1

2
(Tr (K.K∗)− 2 (K.K∗) τ) HAB

12

RAB
22 = 1

2

(
γabηµν

ab 1 + εgµν
ab τ3

)
R

(2)AB
µν − 1

2
(Tr (K.K∗)− 2 (K∗.K) τ) HAB

21

RAB
12 = 1

2
K.γaγ5ẽµ

a

(
∇µϕ

AB
12 −

(
ϕAC

12 ω
(2)CB
µ + ω(2)AB

))

RAB
21 = 1

2
K.∗γaγ5eµ

a

(
∇µϕ

AB
21 −

(
ϕAC

21 ω
(1)CB
µ + ω(1)AB

))

with R
(m)AB
µν = ∂µω

(m)AB
ν +

∑
C

ω
(m)AC
µ ω

(m)CB
ν − (µ ↔ ν)

= −R
(m)AB
νµ with m = 1, 2

Concerning the torsion TA (A = 1, 5), it is given by the Cartan structure equations

[6],[7]:

TA = dξA +
∑
B

ΩAB.ξB

where ξA are the generators of the space of 1-forms Ω1
D (B) and which have the following

expressions:

ξa = π
(
ẽa

µ ⊕ ẽa
µδ · xµ ⊕ xµ

)
=




γbEµ
b ẽa

µ 0

0 γbEµ
b ẽa

µ


 , a = 1, 2, 3, 4

ξa∗ = −γbEµ
b ea

µ ⊗ 1 = −ξ̃

ξ5 = π
(
λ⊕λ̃δ · 0⊕ 1

)
=




0 γ5KM21λ

−γ5K∗M21λ̃ 0


 = −ξ5∗ = −ξ̃5
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with:

dξa = π
(
δ.ẽa

µ ⊕ ẽa
µ.δ.x

µ ⊕ xµ
)

= γbγcEµ
b Eν

c ∂µẽ
a
µ ⊗ 1

dξ5 = π
(
δλ⊕ λ̃δ · 0⊕ 1

)
=




KK∗M12M21

(
λ− λ̃

)
Kγaγ5Eµ

a M12∂µλ

−K∗γaγ5Eµ
a M21∂µλ̃ K∗KM21M12

(
λ− λ̃

)


 .

where λ is an hyperbolic complex function.

Then, the components of TA orthogonal to the auxiliary fields space take the form:

(T a)11 =
(
γcdηµν

cd 1 + εgµντ3

) (
∂µẽ

a
ν + ω

(1)ab
µ ẽb

ν

)
+ 1

2
(Tr (K.K∗)− 2 (K.K∗) τ) λ̃ϕa5

12

(T a)22 =
(
γcdηµν

cd 1 + εgµντ3

) (
∂µẽ

a
ν + ω

(2)ab
µ ẽb

ν

)
− 1

2
(Tr (K.K∗)− 2 (K∗.K) τ) λϕa5

21

(T a
12) = K.γdγ5ẽµ

dλω
(1)a5
µ

(T a)21 = −K.∗γdγ5eµ
d λ̃ω

(2)a5
µ

and:

(T 5)11 =
(
γcdηµν

cd 1 + εgµντ3

)
ω

(1)5b
µ ẽb

ν + 1
2
(Tr (K.K∗)− 2 (K.K∗) τ)

(
ϕ55

12λ̃− λ + λ̃
)

(T 5)22 =
(
γcdηµν

cd 1 + εgµντ3

)
ω

(2)5b
µ ẽb

ν − 1
2
(Tr (K.K∗)− 2 (K∗.K) τ)

(
ϕ55

21λ + λ− λ̃
)

(T 5)12 = K.γdγ5ẽµ
d

(
∂µλ + ω

(1)55
µ λ

)

(T 5)21 = −K.∗γdγ5eµ
d

(
∂µλ̃ + ω

(2)55
µ λ̃

)

The orthogonality condition of the TA to the space Aux2 leads to the following con-

straints on the fields:

ω(2)a5
µ λ̃− ẽb

µϕ
ab
21 = 0 (21)

ω(1)a5
µ λ + ẽb

µϕ
ab
12 = 0 (22)

∂µλ̃ + ω(2)55
µ λ̃− ẽb

µϕ
5b
21 = 0 (23)

∂µλ + ω(1)55
µ λ + ẽb

µϕ
5b
12 = 0 (24)

The action I has the same form as that given in [5] namely:

I =
1

2

(
EAEB∗ − EB∗EA, RBA

)
(25)

where here (, ) denotes the generalized scalar product defined as:

(
EAEB∗ − EB∗EA, RBA

)
=

∫
d4x

√
eẽT rK · Tr

((
EBEA∗ − EA∗EB

)
RBA

)
(26)

with TrK is the trace over the K matrices, while Tr is the generalized trace defined in the

appendix. The EA′ are the generators of a subspace of the1-form space Ω1
D (A) defined

by: 



π (ω) = π

(∑
i

αiδβi

)
=

∑
i

π (αi) [D, π (βi)]

αi ∈ A , βi ∈ B, αi = α
(1)
i ⊕ α

(2)
i , βi = β

(1)
i ⊕ β

(2)
i




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A representation of this space is given by:

π (ω) =




γaω
(1)
µ Eµ

a γ5KΦ12M12

γ5K∗Φ21M12 γaω
(2)
µ Eµ

a




and the generators are:

Ea = π
(
ea

µτ ⊕ ea
µτ · δxµ ⊕ xµ

)
= γbea

µτEµ
b ⊗ 1 = γaM12 ⊗ 1

Ẽa = π
(
ẽa

µτ ⊕ ẽa
µτ · δxµ ⊕ xµ

)
= γbẽa

µτEµ
b ⊗ 1 = γaM21 ⊗ 1

E5 = π
(
λ⊕ λ̃ · δ0⊕ 1

)
=




0 γ5KM12λ

−γ5K∗M21λ̃ 0


 = Ẽ5

In fact, if we use the generators ξA of the space Ω1
D (A)

ξa = γbEµ
b ẽa

µ ⊗ 1 =
0 γbeµ

b ẽ
a
µ

γa 0
⊗ 1

to define the action, we get two contributions to the action: one coming from the term

γbẽµ
b ẽ

a
µ = γa and which gives the NGT action, and the other one from the term γbeµ

b ẽ
a
µ

giving a meaningless contribution. This is however not the case for the generators EA

where the matrix τ =




1 0

0 0


 in the expression of Ea insures the absence of such terms

in the action.

A straightforward calculation gives the following expression:

I = I(1)+I(2)+I(3)+I(4)

with

I(1) = 1
2

(
EaEb∗ − Eb∗Ea, Rba

)
= 1

2

∫
d4x

√
eẽT r · Tr

((
EbEa∗ − Ea∗Eb

)
Rba

)

I(2) = 1
2

(
E5Eb∗ − Eb∗E5, Rb5

)
= 1

2

∫
d4x

√
eẽT r · Tr

((
E5Eb − EbE5

)
Rb5

)

I(3) = 1
2
(EaE5∗ − E5∗Ea, R5a) = 1

2

∫
d4x

√
eẽT r · Tr

((
ẼaE5 − E5Ẽa

)
R5a

)

I(4) = 1
2
(E5E5∗ − E5∗E5, R55) = 1

2

∫
d4x

√
eẽT rTr ((E5E5 − E5E5) R55)

Now by using the properties of the generalized trace Tr = Ptr (defined in the ap-

pendix), we obtain:

I(1) =
∫

d4x
√

eẽ
{
− (

eµ
a ẽ

ν
b + 1

2
δabG

µν
) (

R
(1)ba
µν + R

(2)ba
µν

)
+ 1

2
Tr (KK∗) (Haa

12 −Haa
21 )

}

and by using the compatibility conditions for ẽa
µ:

∇µẽ
a
µ = ∂µẽ

a
ν + ωab

µ ẽb
µ −W λ

µν ẽ
a
λ = 0

we get:(
eµ

a ẽ
ν
b + 1

2
δabG

µν
)
Rba

µν = −Gµν
(
Rλ

σλν − 1
2
R̃λ

λµν

)
= −GµνRµν .

Therefore I(1) becomes:

I(1) =

∫
d4x

√
eẽ

{
Gµν

(
R(1)

µν + R(2)
µν

)
+

1

2
Tr (KK∗) (Haa

12 − Haa
21)

}
(27)
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Similarly, we get the following expressions for I(2),I(3)and I(4):

I(2)=
∫

d4x
√

eẽ
{

1
4
Tr (K.K∗) λ̃ẽµ

a

(
∇µϕ

a5
12 − ϕaB

12 ω
(2)B5
µ − ω

(2)a5
µ

)}

I(3)=
∫

d4x
√

eẽ1
4
Tr (K.K∗) λeµ

a

(
∇µϕ

5a
21 − ϕ5B

21 ω
(1)Ba
µ − ω

(1)5a
µ

)

I(4) = 0

The action I now takes the form:

I =
∫

d4x
√

eẽ{Gµν
(
R

(1)
µν + R

(2)
µν

)
+ 1

2
Tr (KK∗)

(
ϕaB

12 ϕBa
21 − ϕaB

21 ϕBa
12

)

+1
4
Tr (K.K∗) λ̃ẽµ

a

(
∇µϕ

a5
12 − ϕaB

12 ω
(2)B5
µ − ω

(2)a5
µ

)

+1
4
Tr (K.K∗) λeµ

a

(
∇µϕ

5a
21 − ϕ5B

21 ω
(1)Ba
µ − ω

(1)5a
µ

)
}

If we impose the strong condition TA = 0, the fields φAB
mn vanish and the contribution

of the discrete space is trivial. So, in order to get a dynamical contribution of the discrete

space, we must impose the following weak conditions:

TrK (T a) = 0 and T 5 6= 0 (28)

where TrK denotes the trace over the matrices K12, K21.

By using the constraints on the fields given by the condition (A2) ,and the equations

(21), (22), (23), we obtain the following expression for the action:

I=
∫

d4x
√

eẽL L = L(1) + L(2) + L(3)

L(1) = Gµν
(
R

(1)
µν + R

(2)
µν

)
= 2GµνRµν

L(2) = 1
2
Tr (KK∗)

(
ϕaB

12 ϕBa
21 − ϕaB

21 ϕBa
12

)
= 0

L(3) = 1
4
Tr (K.K∗) λ̃ẽµ

a

(
∇µϕ

a5
12 − ϕaB

12 ω
(2)B5
µ − ω

(2)a5
µ

)

+1
4
Tr (K.K∗) λeµ

a

(
∇µϕ

5a
21 − ϕ5B

21 ω
(1)Ba
µ − ω

(1)5a
µ

)

If we put ω
(2)55
µ = Wµ, W̃µ = −Wµ, the expression for L(3) becomes:

L(3) =
1

4
Tr (K.K∗) (λ̃Gσµ∂µ ((∂σ −Wσ) λ)− λ̃Gνµ ((∂σ −Wσ) λ) W̃ σ

µν

−λ̃Gσµ ((∂σ −Wσ) λ) Wµ) + h.c.c.

where we have used the compatibility conditions on eσ
a .

In what follows, we consider several cases of special significance:

(i) The case λ = λ = 1

Here, the expression for L(3) becomes:

L(3) = 1
4
Tr (K.K∗)

{
−Gσµ∂µWσ + GνµWσW̃

σ
µν + GσµWσWµ + h.c.c

}

= 1
4
Tr (K.K∗)

{
2G(µν)WµWν − 2G[µν]∂νWµ

}

and therefore L takes the form:

L=GµνRµν − 1

4
xG(µν)WµWν +

1

4
xG[µν]∂νWµ (29)

where x = −Tr (K.K∗) .We remind the reader that K being an hyperbolic complex

matrix, x can be a positive number.
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By using the following decomposition [10]:

W λ
µν = Γλ

µν − 2
3
δλ
µWν

Rµν (W ) = Rµν (Γ) + 2
3
W[µ,ν]

(30)

where

Wµ =
1

2

(
Wα

µα −W α
αµ

)

W[µ,ν] =
1

2
(Wµ,ν −Wν,µ)

and redefining Wµ such that:

(
2

3
+

1

4
x

)
Wµ =

2

3
W µ

together with:

W
λ

µν = Γλ
µν −

2

3
δλ
µW ν

we get:

GµνRµν (W ) +
1

4
xG[µν]∂νWµ = GµνRµν

(
W

)

This leads to the following expression for the action:

L=GµνRµν

(
W

)− f (x) G(µν)
µ W µW ν

where now the interaction constant f (x) is given by:

f (x) =
x(

2 + 3
4
x
)2

It is worth noting that this function has an extremum (maximum) at the point:

x =
8

3
, max f (x) = f

(
8

3

)
=

1

6

so, the choice of this optimal value leads exactly to the modified Moffat’s action of NGT

[11]:

L=GµνRµν

(
W

)
+

1

2
σG(µν)

µ W µW ν

where σ = −1
3
.

Concerning the skew term added by hand by Moffat in his new action [11]:

Lskew = −1

4
µ2 (−g)

1
2 G[µν]G[µν]

it can also be generated from the cosmological term:

J =
1

2

(
EAEB∗ − EB∗EA, ξAξB∗) =

∫ √
eẽd4xLcos
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which gives after some straightforward calculations (see the appendix):

Lcos = −2G[µν]G[µν] − 4Tr (K.K∗) λλ̃− 8−Gµν
ba Gab

νµ

(ii) The case λ = exp (εΦ) , λ̃ = exp (−εΦ) ( Φ is a real field).

By following the same steps as in case (i) , we obtain:

L=GµνRµν

(
W

)
+

1

2
σG(µν)

µ W µW ν − 2

3
G(µν)∂µΦ∂νΦ +

2

3
G(µν)εW µ∂νΦ

and

Lcos = −2G[µν]G[µν] +
8
3
−Gµν

ba Gab
νµ

We thus have obtained an action in which NGT is coupled to a massless scalar

field.

(iii) The general case λ = Φ, λ̃ = Φ̃:

We have:

L = GµνRµν (W )−1
8
x

{
Gµσ

(
Φ̃DσDµΦ + ΦDµDσΦ̃

)
− 1

2
GµνW σ

µν

(
Φ̃DσΦ− ΦDσΦ̃

)}

and:

Lcos = −2G[µν]G[µν] +
32
3
ΦΦ̃− 8−Gµν

ba Gab
νµ

where

DσΦ = (∂σ −Wσ) Φ

DσΦ̃ = (∂σ + Wσ) Φ̃

DµDσΦ = (∂µ −Wµ) (∂σ −Wσ) Φ

DµDσΦ̃ = (∂µ + Wµ) (∂σ + Wσ) Φ̃

We have thus obtained an action in which NGT is now coupled to a massive scalar

field.

3. Conclusions

In this work, we have generalized the ordinary formalism of non commutative ge-

ometry to derive the various terms of the new Moffat’s version of the NGT Lagrangian..

Moreover, and as a consequence of the discrete structure of space time, an addi-

tional unwanted interaction term has arised. In order to get rid of it, we were lead to

generalize the notion of trace and introduce a γ matrices ordering operator P .

Furthermore, the construction of the action with the scalar field coupled to NGT was

possible by taking a general form of the generators of the 1-forms space.

It is worth noting that in the term 1
2
σG

(µν)
µ W µW ν , the value of the coupling constant

σ comes naturally as the maximum of the function f (x). This suggests that even the

couplings may have a geometrical interpretation.
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4. Appendix

4.1 The Cosmological Term

One can add to the action the following cosmological term:

J =
1

2

(
EAEB∗ − EB∗EA, ξAξB∗)

A straightforward calculation gives us the following expressions:
1
2
TrTr

(
EbEa∗ − Ea∗Eb

) (
ξbξa∗) = TrTr

(
γbγaτ − γaγbτ

) (
γcγdea

ν ẽ
b
µ

)
(ηµν

cd − εgµν
cd τ3)

= GµνGνµ −Gµν
ab Gba

νµ − 12

and:
1
2

(
E5Eb∗ − Eb∗E5, ξbξ5∗) = 1

2
TrTr

(
E5Eb − EbE5

)
ξbξ5∗

= 1
2
TrTr

(
γaγ5K∗λ̃

)
(−Kγaγ5τλ) = −2Tr (K.K∗) λλ̃

1
2
(EaE5∗ − E5∗Ea, R5a) = 1

2
TrTr

((
ẼaE5 − E5Ẽa

)
ξ5ξa∗

)

= 1
2
TrTr (γaγ5Kλ)

(
−K∗γaγ5τ λ̃

)
= −2Tr (K.K∗) λλ̃

The term GµνGνµ is written as:

GµνGνµ = ηµνηνµ + gµνgνµ = ηµνηµν − gµνgµν

and

GµνGµν = eµ
a ẽ

ν
ae

b
µẽ

b
ν = ηµνηµν + gµνgµν = 4

so we get

GµνGνµ = 4− 2gµνgµν = 4− 2G[µν]G[µν]

J =

∫ √
eẽd4x

(
−2G[µν]G[µν] − 4Tr (K.K∗) λλ̃− 8−Gµν

ba Gab
νµ

)

4.2 The Condition TrkT
a = 0

If we impose the condition TrkT
a = 0 and T 5 6= 0 we get:

Trk (T a)11 = Trk (T a)22 = 0 ⇒ TrτTrk (T a)11 = TrτTrk (T a)22 = 0

so:

∂µẽ
a
ν + ω(2)ab

µ ẽb
ν = 0 (31)

∂µẽ
a
ν + ω(1)ab

µ ẽb
ν = 0 (32)

One solution of (31) and (32) is given by :

ω(1)ab
µ = ω(2)ab

µ

Now the condition:

Trk (T a
12) = Trk (T a)21 = 0
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implies:

ω
(2)a5
µ = ω

(2)5a
µ = ω

(1)a5
µ = ω

(1)5a
µ = 0

From the above results, we obtain:

R(1)ab
µν = R(2)ab

µν = Rab
µν

Rµν = Rµν = Rµν

while from (21) and (22) we get:

ϕab
12 = ϕab

21 = 0 (33)

Similarly, the constraint:

Trk ((T a)11 − (T a)22) = 0

leads to:

−τ3λ̃ϕa5
12 + τ3λϕa5

21 = 0

and therefore:

λ̃ϕa5
12 = λϕa5

21 ⇔ λ̃ϕ5a
12 = λϕ5a

21 (34)

Consequently:

ϕa5
12ϕ

5a
21 = ϕa5

21ϕ
5a
12

Taking now into account the equation (33) one has:

ϕaB
12 ϕBa

21 = ϕaB
21 ϕBa

12

Finally from (23) and (24), we end up with:

ϕ5b
21 = ẽµ

b ∂µλ̃ + ẽµ
b ω

(2)55
µ λ̃

ϕb5
12 = eµ

b ∂µλ− eµ
b ω

(2)55
µ λ

4.3 The Unitarity Condition

The unitarity condition
(
ΩAB

)∗
=

(
ΩBA

)
which takes the form:



−γaEµ

a ω̃
(1)AB
µ γ5KM12φ̃

AB
21

γ5K∗M21φ̃
AB
12 −γaEµ

a ω̃
(2)AB
µ


 =




γaEµ
a ω

(1)BA
µ γ5KM12φ

BA
12

γ5K∗M21φ
BA
21 γaEµ

a ω
(2)BA
µ




leads to the following constraints:

ω̃(1)AB
µ = −ω(1)BA

µ , ω̃(2)AB
µ = −ω(2)BA

µ

φ̃AB
12 = φBA

21 , φ̃AB
21 = φBA

12

R̃AB
µν = −RBA

µν
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4.4 The Generalized Trace

In the Euclidean case, the γa Dirac matrices satisfy:

γa∗ = −γa ,
{
γa, γb

}
= γaγb + γbγa = −2δab

γab =
1

2

[
γa, γb

]
, γ(ab) =

1

2

{
γa, γb

}
= −δab

Now, the generalized trace Tr = Ptr is defined as:

Trγaγb = Ptrγaγb = trγaγb = trγ(ab) = −δab

Trγaγbγcγd = Ptrγaγbγcγd = δabδcd − δacδbd + δadδbc

Trγaγbγ(cd) = Ptrγaγbγ(cd) = δabδcd + δacδbd + δadδbc

Trγaγbγ[cd] = Ptrγaγbγcd = −2δacδbd

where P is an operator which permutes the indices of the γa matrices, and ”tr” holds

for the trace over the Clifford algebra.

Moreover, one can consider Tr as an operator acting on the tensors κcd such that:

Trγaγbκcd = −δabκcd

Trγaγbγcγdκcd = δabκcc − κab + κba

Trγaγbγ(cd)κcd = δabκcc + κab + κba

Trγaγbγ[cd]κcd = −2κab
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