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1. Introduction

Recently, a new geometrical picture describing the various fundamental interactions
has been proposed by A.Connes [1], [2], [3], [4]. It consists in the generalization of the
classical differential geometry using a more profound mathematical formalism based on
the discrete spaces non commutative geometry (NCG).

The success of the latter comes from the fact that it gives a geometric interpretation
of the Higgs fields origin used in the in the standard model.

In this context, Chamseddine and collaborators [5], [6], [7] have reformulated General
Relativity by considering a composed space- time consisting of a tensor product of a
4-dimensional manifold and a two points discrete space.

On the other hand, there exist many others theories inspired by General Relativ-
ity, which are based on a general non-symmetric metric g,,,and in particular the Non
Symmetric Gravitation theory (NGT) [8], [9], [10].

Yet, NGT as it was initially formulated lacked self-consistency; in particular the non-
physical modes in the skewon sector are coupled with the physical ones.
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Recently, a new more consistent version of NGT was proposed by Moffat and Legaré
[11], where these problems have been circumvented by adding new terms by hand to the
action, but without any geometrical motivation.

In [12], we have derived an NGT action where the new terms added by Moffat in his
new version of NGT are now a consequence of the discrete structure of space-time, with
an additional interaction term eghy R%%,.

In this work, we propose a new action for NGT without this interaction term. This
was possible by generalizing the trace and introducing an operator P which permutes the
indices of the Dirac v matrices.

Moreover, the construction of this action with the scalar field coupled to NGT was

possible by taking a general form of the generators of the 1-forms space Q4 (B).

2. Formalism

In [6], the Hilbert-Einstein action was reformulated from the following Dirac opera-
tor:
D ")/a ® 65(3# ®1 ")/5 &® M12 &® K12 ”yaeg‘é?u ")/5M12K12
VPR My ® Koy 7" ®eld, ®1 VMo Koy %€t

where e are the General Relativity (GR) vierbeins.
NGT as an extension of GR is based on the non-symmetric metric:

g = el
where here e/ is the NGT vierbein and e¥ it’s hyperbolic complex conjugate.
To generate non-symmetric terms and get an NGT action, we generalize the Dirac
operator in the following form:

Do Y@ EFO, @1 74° @ My @ Ko B YOERD, ~°MipKis

’75 & M21 & K21 'Ya ® Efj@u ® 1 75M21K21 W“Ef;@u
where E* is a 2 x 2 matrix (the generalized vierbein) defined by:
0 el

Bl = (BL) =
a0

and Mo, My (resp. KKy, Kop) are 2 x 2 (resp. NNXN) matrices. Here the 4% ’s are the
ordinary Dirac matrices in the flat four-dimensional space-time and redefined such that

[6]:

,ya* — _,Ya7 {,ya,,yb} — ,ya,yb + ’Yb’}/a — _25ab (1)

1 1
/Yab _ 5 [,Ya’,yb} 7 ,y(ab) _ 5 {’Ya,'}/b} _ _6ab
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In order to have a self-adjoint Dirac operator as it is required, one has to set the
conditions:

K;l - Klg — K (2)

and
My = My =M

The basic algebra A is defined as:

A= Cg° (X) @ (M (K) @ My (K)) = O (X, M, (K)) © C&° (X, My (K))  (3)

A={a® +a®:a® = ' 0 p e CR° (X, K),i=1,2 (4)

with
Cx (X, M3 (K)) = Cg° (X) ® M, (K)

where CR° (X) denotes the space of an infinite differentiable real function on a manifold
X, and M, (K) is the set of the 2 x 2 hyperbolic complex matrices.

In what follows, we restrict ourselves to a sub-algebra B of A such that:

A representation of this sub-algebra on a Hilbert space H is given by:

oM ®1 0 a0
m(a) =7 (¥ +a?) = = (5)
0 1®a?®1 0 a®
where H is defined asl6]:
H == L2 (Sl, d’Ul) ) L2 (SQ, dvg) (6)

with L? (S;, dv;) is the square integrable functions over S; such that
S;=Sy 0K , i=1,2 (7)

where Sy is the spinors space, and dv; the volume element on X.
For the space of 1-forms denoted by Q4 (B), one has as a representation:

0l (B) = 7 (0 (B)) - { @) == (zam) et wm}

Straightforward calculations give:

—~
(0¢)
~~—

a 1) .5
YO E W, v K@
m(w) = s )

75K21<D21 VGE,Q‘W;(E)
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where

wﬁm) = Zazim)aﬂﬁfm) m=1,2
and
with

Brn = (Z (a5 1)) m#n=1,2

i

where we have used the normalization condition:

DoaB =3 aAY =1

(10)

(13)

Now, in order to get a representation of the 2-forms space Q2% (B) without the junk

forms (auxiliary fields), one has to take:
% (B) = 7 (2% (B)) /Aua?
where Aux? is the space of the auxiliary fields defined as:
Auz? = {7 (0w) | ww)=0} , weQ(B)
with

i

T (0w) = w(60:0f) =Y [D, 7 ()] [D, 7 (5;)]
Direct but lengthy calculations lead to:
™ (0w)y, = v ELEY (auwz(zl) - X;glu)> + K12 Ko Mg Moy (¢12 + ¢a1)
T (0w)gy = 7" EL EY <8Mwl(,2) - XASQV)> + Ko1 K12 Ma1 My (¢21 + ¢12)
T (0w) s = K197%° <E5M12 <5u¢12 + w&”) — My Etwd) — (B, M) Yu(12)>
7 (0w)gy = Koy (B Mo (601 + i) — Mo B!’ — (B2, Mo ] V)

where the hyperbolic complex functions X'’ and Y,\™™ are given by:

XIST) = Zagm)auayﬁi(m) m=1,2
and
Yu(m") = Zagm)auﬁff) m#n=1,2

After some simplifications, we obtain for Aux? the following expression:
VAP ELE X Ky (Bl Mol Y,

Aux? = ,
Ky [BE, M) Zy BB XL

(14)

(15)

(16)

(17)

(18)
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where X ,(j,) = XIEL), X ,(fy) =X ,Ei), Y., Z, are : arbitrary hyperbolic complex functions.
The curvature tensor R45 (A, B =1, 5) is given by the Cartan structure equations
[6,[7]:
RAB _ dQAB + ZQACQC’B
c

where Q4P € O} (B)are the components of the connection such that:
(QAB)mm = yang,ﬁm)AB m=1,2
(QAB)WL =V’ Kpin Mypn @218 m#n=1,2.
and are subject to the unitarity condition:
(QAB)* — ()BA
This leads to the following constraints on the fields:

~()AB _ _, ()BA  ~(2)AB _ _, (2)BA
W, = —w, y Wy = —w,
TAB _ /BA TAB __ ,BA
12 — P21 > 21 — %12

In order to get an explicit expression for R4? and Auz?, we make the following choice
for the matrix M:

01
M=p (19)

00

We note that this choice is not arbitrary; indeed when we go from the space 7 (Q% (B))
to the quotient space 02, (B) = 7 (Q% (B)) /Aux?, the fields ¢/AB vanish unless the matrix
M obeys equation (Al). For simplicity, u is taken to be equal to one.

With this choice, we get the following expressions for the elements of the curvature
tensor RAP:

a v v 1)AB 1)AB .
R = 99" (nfy 1 — el 3) (wa) — X ) + K KHir

a v v 2)AB 2)AB % —
Ry =9" (i1 — egay 73) (wa) - X3 ) + K" KHyPT
RfQB = K-WG'YE'gZ (v/ﬁOfQB? - (‘;011420%82)03 + W<2)AB> T+ YMABT3>

R%B = K~*7a75€ff (Vu@§413 T = (90541CWL1)CB + Wﬁl)AB> T — Z;?BT3>
where:
RGP — 5sz(/m)AB + Y wmAc, imeB m=1,2
and: ¢
Hi = ol o5 + o1y + 5
H§41B = 905410901023 + ¢§41B + @1423
Vuptd = uptf +wp “CoiP +
Vot = ot + w0 G + WP
We obtain for Auz? the following expression:
Aua® — Yo (mly — egly ) Xid —Ky"y5EsY, (20)

* A0 a v v 2
K yelimZu vy (i — gl 7s) Xy
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where we have used the fact that:

01 i} 00
M12:M: s M21:M12: 5
00 10
10 00
T = , T =
00 01
and
ErEY =0y 1 —eghyms
with:
Ny = (ahay — BLBY) =+,
Gup = LBy — Bhay = —gp)
T—T=T3
and

ol =3 (e + )
Bl = g (e — )
¢ is the hyperbolic complex number satisfying:
e2=1,and, €= —¢
The expression of the curvature tensor R4? orthogonal to the space of the auxiliary
fields Aux? is given by:

R = L (71 + eglyms) (RWY) = 5 (Tr (KK*) = 2 (KK) 7) B

a v v 2)AB * * —
RyP =1 (41 4 g my) RN — L(Tr (K. K*) — 2 (K*.K)7) HiP

. 5~ 2)CB
Rf‘2B = %K-’V 7565 (Vu@ﬁB - <80142CW;(L) + WQ)AB))
* . Q 1))CB
R§41B = %K- Yy ek <vu90§413 - (@?100)/(1) + WO)AB))
with RE;);L)AB _ aﬂwl(jm)AB + ngm)ACwl(jm)CB . (,Uz - I/)
C

— —RUPMP with m = 1,2
Concerning the torsion T (A = 1,5), it is given by the Cartan structure equations
[6],[7]:
TA _ dgA + ZQAB'fB
B

where ¢4 are the generators of the space of 1-forms Q1 (B) and which have the following
expressions:

bpree 0
=7 (e e -t dat) = T G ,a=1,2,3,4
n P Cu
0 A EE

- 0 5K Moy \ _
&=n(rads-001) = e
—’}/SK*Mgl)\ 0
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with:
¢t == (5.€Z e Ez.é.x“ D x“) = ybvcEg‘Egau'éZ ®1

e (5)\ 3606 1> K K*Mys Mo <)\ - X) K~y° E¥ M50,
= T . —
—K *7‘175E5M21a#)\ K*K My Mo (/\ — /\)

where \ is an hyperbolic complex function.
Then, the components of 74 orthogonal to the auxiliary fields space take the form:
(T%)1 = (vl 1+ 2g7s) (9en + U8 ) + 3 (Tr (K.K) = 2 (KK) 7) A
(T%)3 = (vl 1+ 2g7s) (9 + w8 ) = 4 (Tr (K.K*) = 2 (K" K) 7) At
(Tfy) = K.y ed)‘wz(tl)GS
(T%)y, = —K.*y 7565)\(&‘(‘2”5
and:
(T%)1 = (7t L+ eg™7s) ol + L (Tr (KK*) = 2 (KK*) 7) (65A = A+ X)
(T)5 = (7t 1+ egms) wfd e — L (Tr (K.K*) = 2(K*.K)7) ($BA+ A=)
= K.y (9,0 + w2
(T°)1, = K778, p
(T5),, = —K.*y4y5el (8 A +w(2)55)\)
The orthogonality condition of the T4 to the space Auxz? leads to the following con-
straints on the fields:

N[ =

w/(f as) Ab¢21 =0 (21)
wf} BN 4 eﬂcpm =0 (22)
O\ + W 255) e =0 (23)
O\ + wL1)55A + éﬁgp‘;’g =0 (24)

The action J has the same form as that given in [5] namely:

(EAEB* EB*EA, RBA) (25)

l\D|H

where here (,) denotes the generalized scalar product defined as:
(EAEP" — EP A, RPA) = / d'aVeeTry - Tv (EPEY — B EP) RPY)  (26)

with T'rg is the trace over the K matrices, while Tt is the generalized trace defined in the
appendix. The E4" are the generators of a subspace of thel-form space Q}, (A) defined
by:

r(w) =T (;aia@) - Sn () D7 (3]

a, €A, BieB o = 0%(1) D O‘z@)? Bi = 51'(1) @@(2)
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A representation of this space is given by:

( ) VGWELl)EéL ’75K<I>12M12
T(W) =
’YsK*(I)QlMlQ 'y"“w,(f)E“

a

and the generators are:
E*=n7 (€ZT © el ot @ o) = VelrEy @1 =~"Mp® 1
E®=r (897 @ U7 - dat @ o) = "UFE @1 ="My @1
~ 0 ’)/5KM12>\ ~
B =r(A@X-001) = N — B
—’75K*M21)\ 0

In fact, if we use the generators £# of the space QL (A)

bHa
0 ey e,

70

¢ =7"Ele; @1 = ® 1

to define the action, we get two contributions to the action: one coming from the term

”ybéfeu = 4* and which gives the NGT action, and the other one from the term ~e}e

p

giving a meaningless contribution. This is however not the case for the generators E4

10

where the matrix 7 = in the expression of E® insures the absence of such terms

00
in the action.
A straightforward calculation gives the following expression:
5 =30 45@ 4 56) 4 5(4)

with

3(1) _ % (EaEb* Eb*Ea, Rba) 2 f d{%’\/@TT Ty ((EbEa* . Ea*Eb) Rba)
3® = L (E°EY — E*E° RY) = L [d'zVeeTr - Tr ((E°E® — E°E°) RY)
36 = L(BUE™ — E¥E*, B*) = } [ dav/eeTr - %r (BB — E°E) R*)
3 = L (E°E> — E™E°, R®) = L [ d*aV/eeTrTr (E°E® — E°E®) R%)

Now by using the properties of the generalized trace Tr = Ptr (defined in the ap-

pendix), we obtain:

D= [ dtav/e {— (ehdy + 10uGm) (RO + BE™) + 4T (KK*) (Hig — Hgp) |

and by using the compatibility conditions for €*
V€l = 0,80 + wiveh — W % =0
we get:

(1Y + 16,GH) R = —Gi (Rm, - Rw) = —G"R,,

Therefore 3 becomes:

N‘

/ d*zvee {GW( )+ RO + %Tr (KK*) (H{S —Hgg)}

(27)
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Similarly, we get the following expressions for 3 3G and J®:
3= [d*x eE{%Tr (K.K*) \e! (Vugo‘fg — aB BB _ w,(f)a‘r))}
I®= [ d'avee Tr (K.K*) het (Vucpg‘f — 8B NPT _ w£1>5“)
34 =0
The action J now takes the form:
3= [ daVeE (G (R + RE)) + 3T (KK (#3508 — e3Pl
*\ Y\ a a 2)B5 2)ab
+};T7‘ (K.K™) Aely (Vu‘ﬁg - <p123w£) - wa) )
* a 1)Ba 1)5a
T (K ek (9, — Pl — )
If we impose the strong condition T4 = 0, the fields ¢/:5 vanish and the contribution

of the discrete space is trivial. So, in order to get a dynamical contribution of the discrete
space, we must impose the following weak conditions:

Trg(T*) =0 and T°#0 (28)

where T'rg denotes the trace over the matrices Ko, Ko1.

By using the constraints on the fields given by the condition (A2),and the equations
(21), (22), (23), we obtain the following expression for the action:

J= [ d'zVeed £=20 4 £@ 4 g6

v ( pl 2 ”

e = gr (R,SJ + wa)) — 2G"R,,

L&) = 3Tr (KK) (15 ea)" — w3 eis) =0

2O = 4T (KK Nt (Vi — pifwfd™ — )

FATr (K.EC) Ael (Vi — e3P0 — wf0™)

If we put w,(f)% =W,, /VIV/M = —W,, the expression for £3) becomes:

1 * N g, N v NO’
£6) = 1T (KK (AG™0, (95 = Wo) A) = AG™ (95 = Wo) \) W,
—AG (0, — Wo) \) W) + h.c.c.

where we have used the compatibility conditions on e .

In what follows, we consider several cases of special significance:

(i) The case A =\ =1

Here, the expression for £ becomes:

£6) = 17 (K. K*) {—Gaﬂauwg + GUW, W+ GO, W, + h.c.c}
= 1Tr (K.K*) {2G"W,W, — 2G99, W, }

and therefore £ takes the form:

1 1
£=G"R,, — Z—lacGW)WMWV + ZmG["”]&,WM (29)

where x = —Tr (K.K*).We remind the reader that K being an hyperbolic complex
matrix, x can be a positive number.



64 Electronic Journal of Theoretical Physics 3, No. 13 (2006) 55-69

By using the following decomposition [10]:

A _TA _25A
W, =17, — 3503w,

37 (30)
Rw/ (W) = R;w (F) + %W[# v]
where
1 (07 «
W, = ) (Wua - Wau)
1
Wit = 5 Waw = W)

and redefining W, such that:

together with:
2

A pA ATi7
W, =15, - géuw,,
we get:
1 —
G" Ry, (W) + ZmG[“”]ayWu = G" Ry, (W)
This leads to the following expression for the action:
L=G" R, (W) — f (x) GV W, W,

where now the interaction constant f (z) is given by:

f(z) =

v
(2+32)°

It is worth noting that this function has an extremum (maximum) at the point:

8 8 1
ng’ max f (x) = f<§>:6

so, the choice of this optimal value leads exactly to the modified Moffat’s action of NGT
[11]:
wp (T 4 L ) Tr T
L=G"R,, (W) + SOGL W, W,

where o = —%.

Concerning the skew term added by hand by Moffat in his new action [11]:

1 Lt
Sskew - _Z/JQ (_9)2 G[M }G[uy]

it can also be generated from the cosmological term:

J= (EAEB* . EB*EA,fAfB*) — /\/gd4x£cos

DN | =
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which gives after some straightforward calculations (see the appendix):
Loos = —2611G ) — ATr (K.K*) M =8 = GG,

(i) The case A =exp (@), X =exp(—c®) (Pis a real field).
By following the same steps as in case (i), we obtain:

1 S 2 _
L=G" R, (W) + §JGL“”)WHWV — ZG"9,00,P + gG(‘“’)aW#&,@

Wl o

and
Leos = =26 Gl) + 5 = GG,
We thus have obtained an action in which NGT is coupled to a massless scalar
field.
(iii) The general case A = ®, \ =

We have:

£ = G Ry, (W)~ta {G (®D,D,® + ©D,D, &) — 16 w*,, (30,0 - 2D,3) |
and:

Leos = —2GWG ) + 20D — 8 — GY G

where

Dy® = (0, — W,) P

D,® = (0, +W,)®

D,D,® = (0,—W,) (0, —W,)®

D,Dy® = (8, + W,) (8, + W,) ®

We have thus obtained an action in which NGT is now coupled to a massive scalar
field.

3. Conclusions

In this work, we have generalized the ordinary formalism of non commutative ge-

ometry toderive the various terms of the new Moffat’s version of the NGT Lagrangian..

Moreover, and as a consequence of the discrete structure of space time, an addi-
tional unwanted interaction term has arised. In order to get rid of it, we were lead to
generalize the notion of trace and introduce a v matrices ordering operator P.

Furthermore, the construction of the action with the scalar field coupled to NGT was
possible by taking a general form of the generators of the 1-forms space.

It is worth noting that in the term %O’GLM V)WMW,,, the value of the coupling constant
o comes naturally as the maximum of the function f(x). This suggests that even the
couplings may have a geometrical interpretation.
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4. Appendix
4.1 The Cosmological Term
One can add to the action the following cosmological term:

J = (EAEB* EB*EA, £A£B*)

l\.’)l»—

A straightforward calculation gives us the following expressions:

%Trflt (EbE“* — E“*Eb) (5bga*) = Tr3c (’}/b’}/aT — Py“’be) (’ycfyde‘jEZ) () — eghi'Ts)
= GG, — GZ;’GI;‘L — 12

and:

% (ESEb* . Eb*EE), SbSS*) — lTth (ESEb _ EbES) 5655*

= 1Tr% <7“75K*)\> (—K~*y°TA) = =2Tr (K.K*) A\

% (EaES* o E5*Ea, RSa _ ITT‘Z‘C <(EaE5 o ESEa) 5550,*)

= LTrTe (195K ) ( Koy m) — 9T (K.K*) A

The term G**G,,, is written as:

G/WGU# = 77'W77uu + glwgz/u = 77’“’77W - g/Wgw/

and

WOl
G" Gy = el

Ry
9
=

N
Il
3
=
N
3
=
N
+
Q
N
=
N
Il
S

so we get
G" G,y =4 — 29" g, =4 —2G"Gy,,

= / Veed's (—2(;[“”}(;[“,,} —4Tr (K.K*) A\ — 8 — G;;;Gg’;)

4.2 The Condition Tr,T* =0
If we impose the condition Tr,T% = 0and T° # 0 we get:

Tr (T, =Tri(T%)9 =0=TrTry (T*),, =Tr;Try (T"),, =0

s0:
o€, + w‘(f)“béj'ﬁ =0 (31)
d,e, + w/(})“béﬁ =0 (32)

One solution of (31) and (32) is given by :

(1)ab
i 1

Now the condition:
T’I“k (T ) TTk (Ta) =0
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implies:
w/&Q)aS _ w£2)5a _ W‘L(Ll)a5 _ WLI)BG -0

From the above results, we obtain:

(Dab __ 2)ab __ pab
R()®™ = RG)® = R

uv

R, =R, =R,
while from (21) and (22) we get:
Pis = ¢35 =0 (33)
Similarly, the constraint:
Tri ((T")1; — (T%)yy) =0
leads to:
—T3AQ95 + T3P =0

and therefore:
Aty = A3t & Apls = st (34)

Consequently:

ab, ba __ , _ab, ba
P12¥21 = ¥21¥12

Taking now into account the equation (33) one has:

aB Ba __ ,_aB, _Ba
P12 Po1 = P21 P12

Finally from (23) and (24), we end up with:
= 0,5+

5 = e, — )

4.3  The Unitarity Condition

The unitarity condition (QAB )* = (QBA) which takes the form:

B PR Mg | [ Bl K Mipely!
VR Myt —y B VK My g5 5 Bpwy? ™

leads to the following constraints:

~()AB _ _, (1)BA ~(2)AB _ _, (2)BA
w, = —w, ;W = —w,
TAB __ | BA TAB _ ,/BA
12 — %21 21 — %12

DAB BA
RAY = —RPS
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4.4 The Generalized Trace

In the Euclidean case, the v* Dirac matrices satisfy:

,ya* — _,ya 7 {,Ya,,yb} — ,ya,yb +’7b'}/a — _25(11)

1 1
,yab _ 5 [,Ya’,yb} 7 ,y(ab) _ 5 {,ya,,yb} _ _5ab

Now, the generalized trace Tt = Ptr is defined as:

Tt’}/a’yb _ PtT”ya’)/b _ lf?“’}/a’}/b — t?”’y(ab) — _gab

gt,ya,yb,yc,yd — Ptrvaybvc'yd — 5ab50d _ 5ac5bd + 5ad5bc

Tt’)/a’j/b’y(Cd) — PtT’ya’yb’y(Cd) — Sabgsed + gacsbd + Sad gbe

Teytnbaledl — Pppayabaed — _9gacsbd

where P is an operator which permutes the indices of the v* matrices, and "¢r” holds
for the trace over the Clifford algebra.

Moreover, one can consider €t as an operator acting on the tensors s, such that:

Ty steg = —0" 24

Ty Py Y steq = 0%t — a3

Ty Y Y D st0g = 6 stee + Hat + b

Ty Yl sy = — 230y
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