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Abstract: The derivation of the radiative transfer equation inside a moving semi-transparent
medium of non unit constant refractive index has been completely achieved, leading to an exactly
similar equation as in the case of a unit index, unless it is expressed in a particular frame with
particular time and space co-ordinates; defining first the “equivalent vacuum” and the “matter”
space associated to its “matter” co-ordinates with the help of the Gordon’s metric, it is shown
that an observer at rest in vacuum perceives the isotropic moving medium as an anisotropic
uniaxial medium of given optical axis, for which it is possible to derive general transmission and
reflection rules for electromagnetic fields; however the exhibited refractive index characterising
the moving medium, relatively to the observer located in vacuum, is not an effective index
but only an apparent one without any energetic significance, and the specific intensity must be
obtained relatively to a given observer at rest located inside the moving medium; finally the
general form of the radiative transfer equation is obtained in the moving medium.
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1. Introduction

Several years ago, Mihalas [1] proposed an elegant way to obtain the invariant radia-
tive transfer equation in a moving semi-transparent medium, noting that in some cases
it was judicious to perform energetic calculations either in a comobile frame bound to
a moving particle or in the frame bound to a given observer; then, when a radiation
participates to the energy transfer, it is necessary to be able to compute the radiative
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fluxes in the appropriate frame; the energetic radiative fluxes being strongly related to
the radiative intensity whose evolution is governed by the radiative transfer equation,
one may naturally conceive to give the appropriate form of this equation either in the
comobile frame or in the observer frame. This fundamental work however is restricted
to media for which the refractive index is a unit index; this approximation is of great
interest for gases for which the refractive index is very close to 1, but dense isotropic me-
dia, liquids or solids, have generally a much higher refractive index, and we may imagine
situations where some liquids of high index are moving with a large speed: what is then
in this case the correct form of the radiative transfer equation in such media, and is it
possible to exhibit an invariant form of this equation, valid in both the comobile frame
or the observer frame?

If the optics of moving dielectric media has recently received a strong interest in the
literature [2, 3], to our knowledge no study focused on what happens from a radiative
energetic point of view in moving semi-transparent media; it is to suspect however that
the effects of high speeds may be spectacular, since some spectacular effects may arise
from an optical point of view, as described in [2, 3]; the main tool used to exhibit such
optical effects is the Gordon’s metric tensor; indeed, many decades ago, Gordon [4] had
the intuition that light in a moving dielectric medium “could see matter as a metric” in the
sense where a moving dielectric medium acts on light as an effective gravitational field, and
this is this property which is enhanced to produce in some particular conditions special
optical effects; following this basic idea, it may be interesting to see if the Gordon’s metric
is the appropriate tool to exhibit an invariant form of the radiative transfer equation.

The purpose of this paper is then the derivation of the radiative transfer equation
inside a grey (i.e. its optical properties are non frequency depending) moving semi-
transparent medium characterised by its constant refractive index different from one; to
do so, we shall first develop in section II the optical problem, that is determine the angle
and frequency transformation for a propagating radiation, between the comobile location
reference system bound to a moving particle embedded in the medium of non unit re-
fractive index and the location reference system relatively to a given observer inside the
medium: from the Gordon’s metric, we shall construct an “equivalent vacuum” and its
related “mater-light space” perceived both by the moving particle and the observer, such
that the “vacuum” bound to the particle and the “vacuum” bound to the observer are
related by a Lorentz transformation thanks to a particular rapidity different from the
usual one; this latter result will provide us in section IV, analogously to what happens
in the real vacuum, the radiation angle and frequency transformation in the refractive
medium, from which, following the work of Mihalas, one deduces the invariant form of
the radiative transfer equation. In section III, a closely related problem will be exam-
ined, which allows to interpret an uniaxial crystal (here are only studied the negative
crystals) as an isotropic moving medium, for which it is possible to derive (here only the
parallel polarisation was examined) the reflection and transmission laws for an electro-
magnetic field through an interface separating the crystal from an isotropic medium of
unit refractive index.
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2. The Optical Problem: Construction of an Equivalent Vac-
uum and Determination of the Fundamental Mater-Light
Space

It is well known that in a motionless medium embedded in a flat space, for which the
refractive index equals the unity, the radiative transfer equation (RTE) can be written in
Cartesian co-ordinates as

h rn Kk h
fe! _ _ _ 0 _
Paal_z<ﬁ mz/)—CVQ[L(T) L, (1)
= —
where I = % is the specific intensity, L being the classical intensity, and P = % <1, Q)
is the impulsion-energy 4-vector; s is the absorption coefficient, L° (T') the black body
intensity at local thermodynamic equilibrium for a given temperature 7', h the Boltzmann
constant, c the light speed in the vacuum and v the radiation frequency inside the medium;

in absence of any relativistic event, the radiation frequency remains constant, and the
formal RTE can be rewritten under the standard form

1oL 0L
cot " ds
where t is the time and s the curvilinear abscissa along a luminous trajectory, with
g—ﬁ = 5 g?%d L.
The Gordon effective gravitational field can be expressed as [2]

= r [L°(T) - L], (2)

gw:gww_@u_nwwwi%;wg+(yti)ww, 3
where u is the mean 4-speed vector of the medium (relatively to a given observer), 9 the
vacuum Minkowski tensor, g the effective gravitational tensor, and ¢ and u the relative
dielectric and magnetic permittivity and permeability of the medium assumed hereafter
isotropic, related to its refractive index n by n? = epu; we shall consider only non
magnetic media, with p = 1, so that n?> = . Let us now remind a more mechanical
demonstration of this latter result: in a transparent medium where the refractive index,
hereafter assumed constant, i.e. non depending on space and/or time co-ordinates, is not
1, the proper time interval (PTI) for a photon can be written in Cartesian co-ordinates
as

dm* = A dt* —n® (da® +dy* +dz*) = — g, da* dz”, (4)

where the contravariant co-ordinates z* are z# = (2% z', 2% 23) = (ct, z, y, 2) ; this
is the most general form of the photon PTI in a motionless medium, simple translation of

the fact that light propagates at speed - in a dielectric for which the refractive index is

different from one, for the PTI is a light one for a photon and dr = 0 = z—j = = hence

one deduces the covariant components of the metric tensor in Cartesian co-ordinates

2

Yoo = —1 Goo = N gyy - n2 9., = TL2, (5)
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and the contravariant components, since the tensor is diagonal

1 1 1
00 __ Tr __ _ 2z __
g = -1 9T = o g = g = (6)

It has to be noticed that the PTI can be rewritten as
d7? = (1 — n?) da® + n? <dx02—dx2—dy2—dz2>, (7)

At a given event {z"} in space-time, can be defined a 4-speed vector u* = % repre-

senting the mean motion of the dielectric; in a given comobile location reference system
(LRS) bound to a particle moving with a speed E = % relatively to a “fix” (for observer)
LRS, the covariant components of the 4-speed are u,, = — 52, where the primes indicate
the co-ordinates relatively to the considered comobile LRS ; hence in this LRS one has

4 2 / / / /
ar? = (1= n) (g do”') = n? g, do' da”’ = = g,y da’’ da”,  (8)

where gff,])u, represents the vacuum metric tensor in the comobile LRS; the cinematic

transformation between the vacuum metric tensor relatively to the comobile LRS and the

vacuum metric tensor relatively to the observer LRS, and the metric tensors associated

to the dielectric is

g0 = 9" D27 ) and g" = O 01" g (9)
oxt gz oxt 9Jav ’

Considering a motion along the z axis, the former relations are developed for the

diagonal components

0) _ 9 2 9z 2 zz(0) _ oz 2 oz )2
g = — <8$O,> + (W) g = — (mo,) + (&)

g — 1 ¢g=0) —

and for the non diagonal one

00 _ 0 a° Ox 0 Oz
7 (axO') (axO’)+<axf o7 ) (11)

since the variables 2° and = do not depend on y and z which remain unchanged; the

Lorentz transform in Cartesian co-ordinates is simply

29 =5 (2° = Bx) xozy(xol—i—ﬁm’)
Y@ — B z=~v( +p2"), (12)

/ / / !/

y =Yy 2 =z Yy =1y Z = Z

xr =

from which one obtains

0 d (z°, x) o . g;(?’ 88;3’ 0 g1 0 .7
dz’ dr = |———=| dx” dz' = dz” dx’ = dz” da’, (13)
8(m0 , $/) 9z° Oz
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due to the scalar density conservation, it comes that

\/—Detﬁdxo drdydz = 1/ —Det?dx()’ do' dy d2, (14)

hence one has Detg = — nS: in Cartesian co-ordinates, the metric tensor determinant
remains unchanged; developing relations (10)-(11), one has with the help of (12) the
contravariant co-ordinates of the vacuum metric tensor relatively to the observer LRS

900(0) - 1 gas$(0) -1 gyy(O) -1 gzz(O) _ 17 (15)

for the non diagonal component g% — ¢ ; the tensor being diagonal, one deduces the
covariant co-ordinates as

gy =-1 99 =1 49 =1 ¢9 =1, (16)

€T

while the metric tensor associated to the dielectric in the observer LRS is g#¥ =
928 9z7 gV’ leading to

ozt oz’
900 - _ ( ; 5 ) g:m — ( 26 ) gyy _ 5 gzz = . (17>
n n n
for the diagonal components and
2 ()2
g7 == oz (18)
N 1
for the non diagonal one. The 4-speed vector being defined in vacuum as v = ~ | _
5
L__ one has for the contravariant co-ordinates of the 4-speed u® = ~ and

u® = [37; hence the contravariant components of the metric tensor given by (17) and
(18) can be rewritten as

g0 = L [goo(o) — 1) uo] g = L [g:m:(O) — 2 —1) " uz:| )
9

[y

n2

gOfL‘ — 1 |:ng(0) - (77,2 - 1) UO um]

or under a more compact form g* = = [9"”(0) — (n* —1) ut u”}, which is the Gordon
metric [4]; it is then possible to obtain the covariant components with a simple inversion

/

. . . . o ot .
of the cor}travarlant mat/rlx, or more simply use Eq. (8) since v,y da* = v,y So-dat =
0 Oz w o 0xY n : u 0 . 3

Oy gar dat = — G- dat, from which u,y da# =-v (dz° - 3dx) ; hence one obtains

for the covariant components, since dz° doz = dz* da’:
Joo = — 72 (1 - ﬁ2 n2) oo = 72 (n2 - ﬁ2) gyy = n2 9., = 1N

Yoz = _ﬁ 72 (n2 _1>
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which may be rewritten under the compact Gordon metric as 9, = n? g,(g,) + (n* —1) u,
In such a metric the photon PTT is

dr*> = — g, dz" dz¥ = — gy dz®® — g,, da® —2 g, d2° dx — n? (dy* +dz*) =0,

(21)
for a constant refractive index the luminous trajectories are straight lines, and if light
propagates along the z axis, then dy = dz = 0, from which one deduces

dr \* dx B
(O T50 +2 Yoz T20 + 900 = 0, (22)

T

the resolution of this equation easily leads to

dr 1 1+ﬁn_dm’+5dm0' (23)
dz® n  n+ B Bda' + da¥’

and if § << 1 one has for the effective refractive index % = % + (1 — #), which is

the famous well-known Fresnel’s drag additional formula [5].

However, the physical significance of the former metric is not that obvious, since the
9oo component associated to a time may be either negative or positive (or even zero),
depending on the value of 3 if the latter one is greater or lower than % ; we also make the
choice of a new metric, equivalent to the precedent one, for which the unique eigen-value
associated to a time is always negative: the calculation of the covariant metric tensor
eigen-values shows that n? is a double eigen-value associated to the eigen-vectors ez and
62, the two other eigen-values being solution of the characteristic equation

9* = (Yue + 900) 9 — (955 — Yoz 900) = 9° = (Yzw + 9o0) g — 7° =0,  (24)
leading to

g _gzz“'gOO_\/Z_
1 — B -

N[ =

[72 (52 _|_1) (n? —1) — \/Z] (25)
g = Bt tVE _ 1[92 (B 1) (2 —1) + VA]

N[ —=

with

91 95 = —n2 and A = (Gup + 900)” +4 (92, — Guw Jo0) = (02 +1)° 44374 (n2 = 1)* > 0
One deduces from the former result that the g; eigen-value is strictly negative what-

ever the refractive index n and the  medium rapidity are, and that it may be associated

to a time, the g, eigen-value being always positive and associated to a space variable: in

well chosen axis, the metric tensor relatively to the observer LRS is diagonal and can be

represented as

910 0 0

0 90 0
(26)

ll
Il

0 0 n?0

000 n?
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The determination of the associated Eigen-vector leads to

— 672 2_1

Er = 6_(; +72 (n2 (_nﬁz>_) 6_9; - 6_(; - gmgof 9 6_; o

[ Al Gt R VR 27
2 2 (1-pn)tg ° T T gy —ggo O x

these two vector are orthogonal relatively to this metric and can be normed so that

—2 —2 . 2 — 2 2 92
e =0 and €9 = (9 since (gm — 91) (900 — 91) = ng : hence Ei o= Joo — 9zz _Oxgl +
2 2

92, You gm (goo - 91) 9 VA . ~ Y 92— 91
—_— == — —_— = —_— = € _ =2
(gxac - 91)2 2 gl gOO + - g1 9za — 01 from Wthh El 1 Goz — 91 and
¢ Gze — 91 (o g o ; ; ;
e = ot (eo S — €x> ; performing the same calculation with the second

- e —

eigen-vector finally leads to the expression of the two normed eigen-vectors e; and ey
associated to the two eigen-values 9, and 9, as

e = \/ﬁ <\/9m — 91 € ++vY90 — 9 6_;) (25)
€ = (— V92 = 9zz €0 +/T2 — oo 5)
X =\ 2 = —
The 4-event vector is defined as (dM) = —d7? = 9y dxt dx” = dM = dzt e, =
M = xt gw hence for a given event one has
= — — — — ; — — — —
M=1"ey+re,+ye,+ze, =2 eg +a2' ey +y e, +2 €,
=7 (¥ +82) €0+ (z/ + B %) €rty €y +2 €
— — , — — — — Y (ZO +ﬁ gl’) = 1.0/ E)0’
(B2 (s )by a2
7(66W+Q0x“:f6f
(29)
the variables 2° and z being independent; it comes then
B =T Ty=q (3 -87.)
= (30)

— — — — — ’
0 eg+ e, = ex:7<ex/—ﬁeol>
for thisevent one alsohas M = 2" ey + 2° ea +y e, +z e, =2 eg+x e, +y e, +2 e,

=2

and for the pseudo-norm M = ¢; ! 9o 22® 4 n? (¥* + 2%) ; but

aZﬁ(vgm—gﬂzﬁ-v%o—% 6_;) 6_6— 92791 (vgmx 9161 Vgoo_glg?>
= )

—

er = e ( VT2 = Tz €0 ++/92 — Joo %) € = i (\/92 =G €1 ++/95 — Goo 5)
(31)

from which

xl = 92*91 [(vgxz gl + ﬁ VgQ g$$) ZL’ + (\/92 g:cz + ﬁvgzx ) }

z* = N (B2 =900 — Voo — 1) ¥ + (V%2 = 900 — B0 — 1) @ }
(32)
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performing the calculation of 9, z1* + g, z2° one obtains finally

2 02 2 /2
0 212 4 g0 — 2 (900 + 5 9w +26 902) @7+ (9w + 5° Jo0 + 20 G02) 2 | _ NI
+2[(1+ B°) 9ou +8 (900 + Iuz) | 2 2’

(33)
hence the 4-event pseudo-norm remains unchanged, and

VY922 — 91 + B/ 900 — 91 B/ 92 — Y00 — V92 — Yz
' V900 — 91 + BN Yzz — 91 V92 — 900 — BV Y92 — Ysa
= L (1- 6% (92— 91)da" dz’ = da dv’

92—91

dz' dz? = Az do’

o 7) ‘ da¥ dr' = 2

8(zol,x’) g2 —49g

(34)

from which one deduces that \/— Detgdz' da? dydz = \/ — Det ¢ dz® dz' dy' d2', that
is the conservation of the scalar density ; noticing furthermore that

(V92: — 91 — BV90 — 91) (BNVIzw — 91 — V90 — %) = =28 %
(V92 = Yoz + BV/92 — 900) (V92 — o0 + BVI2 — Goa) = 20 9o | (35)
(V92z — 91 — Bv900 — 91) (V92 = 9uw + B/92 — Go0) = 28 n?
(BVIzz — 91 — V900 — 91) (V92 — 900 + B9z — uu) =
the 2! and x? co-ordinates can equivalently be rewritten as
N [\/92 — s &+ (V2 = Tar + V92 = Guo) 3;'] (36)

2 _ Y — — (04 289sn? N’
= o |:(\/92 9w + B Y92 goo) 5 + T +2,8\/g2 —= JZ]

with the help of the auxiliary value v X = /95 — 9. + B+1/92 — Goo, performing the
calculation of 9; 2% + g, x22, it comes for the equation verified by X that
9o (95 — G1)

2
X"+ o~

X -4 gn* =0, (37)
the discriminant of this equation is A = g3 [16 8% n? + (92;—4‘%)2] =93 (1 + ﬁz)z (n2 1),
and since X is positive, one has

X=2[1+08)@+1) - 1~70)(9—9)] =9 [9% — 90+ 5 (9 — 9)]

=95 (8% Gza—9o0) =2 (1= %) =92 (1+ 5°) —n* (1= ) =% [L+ 91+ (1 — 91) 5]

(38)
following the same steps, with the help of the auxiliary value VX = /95 — Goo +
B+/92 — 9z, and performing once again the calculation of g; 2 + gy 2%°, it comes for
the equation verified by X

99 (92 — 91 )
72 nQ

292

X2 — X —40 = (39)
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2
the discriminant of this equation is A = Z—% [16 3 n? 4+ & ;491) ] =

and since X is positive, one has

93 (1462)" (n2 +1)

na )

X = 2n2 [( —i—ﬁ)(nQ—i—l)—i— (1_52) (92_91)] :% [gm—gl‘FﬁQ (91—900)}
=% (G = I0) +1 - =0 (1+68)+1 -0 =0+1+(9-1) 7

(40)
Finally the system (35) can be rewritten as
V92 = 92z + B/92 — Joo = \/92 1+ 9+ (1 —9) 75
— Jta+0-9)p
BNVYee — 91 — V900 — G = \/ e (41)

Ve — 91 — B0 — 91 = — % \/92 +1+ (9 —1) §°
V92 = 900 + BV92 = ez = \/92 +1 4 (92 —1) §°

hence for the z! and 22 co-ordinates one has
1 i +14(92 —1) B> 0o 1+91 +(1-91) 5%
= —g { \/ 92 — % x —i—n\/ 92 — %1 x}
1+91 +(1—91) B TG et — 1) 5 ’ (42)
2 _ 1 — 9 0’ 2 92 — /
= V92 {\/ 92 — 91 N \/ 92 — 91 x]

performing then the calculation of g; ! > 4 gy 22 , it comes the useful following relation

2-1-29+ 3 (n*-1+29) = 927_291 S0 +9=201+78) (1),

(43)

this leads for the 4-event that
= g [t L (92 — 1) 8% o \/1+91 +(1-90)8% /| 2
M = —g [ \/ 92 — 91 Tw+n 92 — 91 e
1+9 +(1— 2 +1+(92 —1) = = Py
b [V oy R Gy gy s (40)

o 7

r 1z
ey +a’ e rtYy ey +2 ey

=T

. . / .
and since the variables ¥ and 2’ are independent,

- g2 +1+(92 — 1) g2 ° 1491 +(1-6g1) 6% =
Co =7 \/ 92 — 91 +\/ g2 — 91 €2

, (45)
1 1— 1 -1) 8 =
U \/—\/ +91 2(_glgl — g \/92+ -‘g(fzgl 62:|
It is now comfortable to introduce symbolic variables such as
= 2 (2¥ +8na
= | ) (16)

7 = - (B 2" +na)
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since they obviously verify the relation ¢, % 4 gy, 7 = — 20 + n? z'* : however
those variables do not represent the M 4-event, but it is convenient to notice the following
substitution, very useful for latter calculations

e +1+(92 — 1) B2
\/ 92 — 91 <1

_ 2 ’
\/1+91+(1 9) B> 3
9o — 91

note that this equivalence becomes a strict equality if and only if n = 1; hence for the

(47)

symbolic 4-speed one has

= L & 3 e
U = E —7<__gl+\/g—2>, (48)

2
this is obviously an admissible 4-speed since its pseudo-norm is :ﬂf = 72 (62 — 1) = —1,
but the symbolic 4-speed is not the real 4-speed, which is given, with the help of (47) in
the <ej, 6_>2> basis as

. \/‘WH(%_1> f\/ PO WG| Z 2,

9o — 01 92 — 91

which is the case.
Let us now focus our attention on the 4-impulsion of a photon: in the former comobile

1

= / - .
LRS its contravariant components are symbolically written P = hcl’ _. | where € is
Q/
the photon propagation direction relatively to this LRS, from which
P 1
Pw’ hi cos ©'
= n? " : (50)
/ C 3 @l @/
pPY sin ncos
/ 3 @l H @/
P? sin © sin &
the covariant components being P, = gu » PV, leading naturally to the fact that its
=2
pseudo-norm is P = Py P* = 0, since P is a light 4-event like; then the contravariant

co-ordinates of the photon 4- 1mpu181on vector relatively to the observer LRS are P* =

pH 38 ’TM,, leading to

P = 2 (4 B eos ©) PT = w (nB + cos ©) -
PY = h”—cl” sin © cos ¢ pP* = 2% sin © sin ¢
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from which it is obvious that:
Py = —M(l—i-nﬁcos@’) P, = M(ﬁ+ncos@)

C

!

. 3 . .
sin © cos ® P, = ’“’T" sin ©’ sin @’

!/ 3

Py _ hl/cn
hence a simple calculation leads to P, P* = 0 which was expected; it is important
however to notice here that these components suffer from a lack of physical clear signif-

icance so as for the g metric tensor components expressed in the <60, €z, €y, ez> basis,

since from the following tensorial relation

e o , ot a9V
b ph Wy o ph ot g,
pr=r oz v $o hr=P ozt Ox° OxT I G (52)
one has
, Ot dx" 9 , ozt [ dx' da”
0 o oT . — x oT R
P 5 <1 927 oa * 90”) P ow <8w" gz I Ja 1)’ (53)

developing the former equality leads to
1 — 92205 o7 gy, = 1 — L [0 B4 =2 5% (2 0% — 1) + n?]
D2 02 gt g, —1 = B =28 (2 —n2) + 1] -1

, (54)

but the PY and P* variables being independent and g’g‘, # 0 like 225 £ 0, Eq. (53)

gt -2 @20 -1) +n? =1
is verified if and only if , that is if and only if
74 [ﬁ4 —9 ﬁ? ( o 2) + 1] -1

n = 1; hence the P representation in the (60, 2» €y, €, ) basis is not a satisfactory one;
this can be explained by the fact that there does not exist a canonical representation in
this basis of the form p* = n? A 2= gince the metric tensor g is not diagonal in the

€V |9unl

former basis: the angle and frequency transformation must be then performed with the

help of the diagonal metric; noticing that the 4-impulsion is then

1 1
P —
2 cos ©
; _ P _ n2 hv V92 7 (55)
& in © cos ®
Y sin
P n
Pz sin © sin @

n

=2
for which it is easy to verify that P = 0, moreover using relation (45), it comes from
(50) that

( \
1 —1 A (1— 2| =
v |:\/92+ 942-(_9291 ) B2 + \/g_COS@ \/ +91g-;-_9191)/3:| e,
D2 hv' 1 1+91 +(1-91) 82 cos @ /92 +1+4(92 —1) 8| =
p=mn C +fy |i\/_972 \/ 192 -0 ' — 9% n \/ : Jo _291 €9 ’ (56)

sin ©’ 1 : 1
+ == (cos@ €y + sin @ ez>

\
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from which one obtains it is easy to obtain

9o +14(92 —1) 52 r J1+91 +(1—91) B2
[\/ \/ p— + cos © \/ rp— }
_ / 1491 +(1—91 5 / 92 +1+ 92—1)6
vecos © = yv {\/ Py + V- glcos@\/ prg—

v sin © cos ® = v/ sin © cos @’

} . (B7)

v sin © sin ® = v/ sin ©' sin ¢’
one deduces from this result that angle ® remains unchanged, while

vsin © = v/ sin O, (58)

noting © = cos © and noticing that \/[92 +1+ (R -D)F1+9+01-9)p5] =
2 31/9, the two first equations of (58) can be rewritten as

— o~y 92 +1+ (92 —1) B° W
V—’)/Vn\/2 92(92391) [1+2ﬁ T 92+1+(2—1)52]
et -1 B2 +2B\/f— ’ (59)
#= 92 +1+(92—1),@2+2ﬁ\/ gl
from which it is easy to verify that for a unit refractive index one has
I+ ﬁ
v=n+v 1+ p4 = M—, 60
WA BE) =g (60)

which is the habitual and well-known angular aberration and frequency Doppler shift
transformation in vacuum [2]; for an isotropic and grey dielectric, that is a refractive
index independent on both the frequency and propagation direction, one has from (59)

o, (”/)27# [ 41+ (0 —1) ] +4 822 oy 0 Ve
o' v 95 (92 — 91) [92 +1 4 (9 — 1) 52} o' o' v
but ,
92 41402~V B +4 82 2 g g, 420 414 (9195 —201 +1) B
[92 +14(92 —1) 2] 91[92 +1+(92 - 1) 5] ’ (62)
_ —1-2g1 +(n? —1+20:) 82 92 (92 — 91)
N 91 [92 +1+ (92 —1) 2] T2 n2[g +1+(92 —1) 52
so that

hence one finally obtains

5 0 !
dvd ‘a<y/’ ) dv' dy v dv' dy' = idl/aly/, (64)
o' ) o (V_/)2 v
" v
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the angle ® remaining unchanged, noting d{2 = du d® the solid angle element, it comes
from (64) the final important relation valid in the medium of index n as in vacuum

vdvdQ = v dv dSY. (65)

92 (92 — 91)
92 +1+(92 —1) B

I and

Let us then introduce the index #? = = such that the co-ordinates x

22 can be rewritten:

;2 n 20n / 2
o ooy pnn o) 2= 7 gn 20 +”TI/ 7 (66)
n 9o — g1 VY92 \92 — 91 n

note also that from the expression of 72, it is possible to obtain, after a rather difficult

calculation the following relation
n _ _

dm 672_[1 4ﬁ2(n2+1)] =0 ifn=1

- = n - = 7

d —qg)° 7 .

Z (92 — 91) %:o if3 =0
The evolution of this index and its derivative with respect to (3 is plotted on the following
figure, for a refractive index n = 1.33; below a rapidity § = 0.6, n remains practically
constant so as its derivative; at 3 = 0.75, one has n = 1.50 and the effects of the medium
speed become appreciable; from 3 = 0.75 to 1, m and its derivative grow up very quickly,
and for extremely high speeds, the refractive index effects cannot be longer ignored.
Then for the 4-speed one has

= n a 26 n? 6_2>
u = — + s 67
F [\/—— N @] (o7
2 ) 2
since & = — 1 one obtains from (67) that n? (9, — 91)* —4 5% i = ”(927—2791) and

= n 7 n 2 63

L pofr— () 2 68

V| () = (69

the previous expression of the 4-speed vector u allows us to introduce a new rapidity

/ 2
B = 280 3 — _(a) — _ 1 5 oan o 1 :
B = @ —ap such that § = 4/1 <7n> = 4/1 ﬁgév—vﬁ—m,mth

%}iml B = 1 whatever n is, so that the 4-speed vector can be written under the compact

standard form

- [ & .
Uu=9|—+p0—=1, 69
<\/_— 7 w—) (©9)
analogous to the symbolic 4-speed vector, replacing the rapidity 3 (expressed in vacuum)
by the rapidity 3 expressed in the medium relatively to the observer LRS; introducing
then the values of 7 and /3 in the angle/frequency transformations leads to
2 W+ B

v=7v(1+B84) n=

=115 vdvdQ) = vV d/dY vsin® = v sin ©', (70)
1
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which has the remarkable form as the one obtained in vacuum; hence, one may

expect to find a judicious set of co-ordinates (z°, z) such that they verify the Lorentz
transform, analogous to the habitual Lorentz transform replacing 3 by /3, that is

=5 @ +p7) T =7 (2" -p2)
T=7F +p7) 7 =732, (71)

y z =z

N
I
<
w
I
w
<
I

from Eq. (66) one has

—~

n 72 ol o
95/:%?[3”2\/5]_2—%951\/—_91]Z%(332\/£7_2—5331 —91)

hence with the substitution

the Lorentz transform (72) is obtained: it has to be noticed that the fundamental variable
7' = na’ induces a local dilatation along 2/, so that we choose for the other spatial vari-
ables the same dilatation, that is ¥ = ny and zZ7 = n2’; from the 4-event vector, one
constructs then an “equivalent vacuum” completely defined from the comobile LRS by

. . —0/ / _ _ — .

its co-ordinates (z° = 2%, ¥ = na’, ¥ = ny/, 7 = n2') associated to the orthonor-
. (= - = e = ey = e

mal basis | ey = ey, €y = =, €y = =, €, = = |, and from the observer LRS by

its co-ordinates (z° = z' \/— 61, 7 = 2% /93, § = ny, Z = nz) associated to the or-

thonormal basis (50 = %, é; = \/;g?, e, = X e, = %) : indeed, those light spaces

n’?

can be easily explained, reminding that the photons PTT are expressed as

d7? = — g, da* dz¥ = ¢ (dt')* — [(ndm’)z + (ndy)? + (ndz’)ﬂ

0/2

— df _ (dﬁi‘lQ _l_dg/Z +d2/2)
dr? = — g, dat dz¥ = (/= G diL‘l)2 — [(\/g_zdx2)2 + (ndy)® + (ndz)Z]
= dz%% — (dz* +di? +d7?)

hence the co-ordinates sets (fol, T Z’) and (z° 7, ¥, ) associated to the two

and

S o S I U
basis (éox, €'y Ey s éz/> and ( €y, €, €y, €, ) represent vacuum light co-ordinates and basis,
which are different from the mater co-ordinates and basis; from a comobile LRS point of
view, the mater co-ordinates are (xol, 'y, z’) associated to the basis (%, e, 6_3;’7 e ),
so that it is convenient analogously to introduce, from the observer LRS point of view, the

mater co-ordinates (fo =zl /=9, = 22 @, y=vy,z= z) associated to the basis

n
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= - - A SR : :
<eo = \/f—ligl, €x =M j—%, €y = €y, €, = ez>, so that mater-light metric tensors can be
expressed as

—-10 0 O —10 0 O

— 0 n20 0 — 0 n20 0

g = and g = , (73)
0 0 n%20 0 0 n%20
0 0 0 n? 0 0 0 n?

hence the two metrics, relatively to the moving particle and the observer, are strictly
equivalent, meaning that the natural mater curvilinear abscissa path is d §* = d #* +d §° +d *
relatively to the observer LRS, and that for a photon it is related to time by df = 2ds,
the latter quantities being defined relatively to the observer LRS; then one has the relation
between the two sets of co-ordinates

9

0 =07 (=m0 + (@B = §) 4] _ 2= 2 [(n— §5) 2 =0 (nF — §) 7

P B [(F-nf) P+ (-8B a] a2 [n(1-nBh) (5 b))
(73)
Furthermore, from the 4-event vector and the definition of the 4-speed vector, one has

= = = —0 — _ = —0 — _ = _ = _ =
_dM _ dm dz® _ = (= - _ dz — dz = dy = dz =
U =" = qz ar — 7 (60 +5 €$> = Tar (eo t gz € T g0 6y T g0 €Z>
0 = — — ! (74)
di®° _ -~ a2 _ dz = _ di 5 dj _ di _
G =T b=dmea=gm =g =0
= dn Ay dz = dz”’ :
but one also has u = ¥ = £G 94— = ey = - = 1, so that it comes the

fundamental relation binding the proper times of a mass particle moving with speed
Bg?o(defined as if it were in vacuum)

~ 7/
di® =

dz" < dz° = 5d7 (75)

.Y

3. Interpretation of the Fresnel’S Refractive Index as a Nega-
tive Uniaxial Anisotropy

From what precedes, it is obvious that the 4-speed is U = ~ (é_(; + 3 éZ) and is natu-
rally defined in the vacuum bound to the observer located in the moving medium; it is im-
portant to remark here that the 4-speed perceived by an observer at rest located in the medium

is the same 4-speed perceived by an observer at rest but located in vacuum; for the latter

one, the 4-speed is:
= — g
Uy =7 (36 + 0 6@)

— - . . . . . .
where <e(—), ei,> is the equivalent “vacuum basis” of the moving medium perceived by

the observer located in vacuum of unit refractive index, which is not the (éz, éz> basis
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of the equivalent vacuum bound to the observer located inside the medium of refractive
index n; it is thus defined as follows:

co=7(co-Ben) =7 (do—2¢) =2 [(n— ) o+8(n—1) ¢

and equivalently:

e, = 72 [ﬁ(n—l)g@jt(n—[?)zj}
where 3 has to be understood as the speed of the mass particles evolving in the
medium, but evaluated as if they were evolving in vacuum; hence if n = 1 one obviously
has g@ = ¢pand €; = e replacing then 6% and e, by their values in terms of eo and

e, leads to ?v =7 (eT) +0 e, ) which was expected ; furthermore, one has:
2 (0= BB) €0+ (nB - B) &
G =2 (B -np) co+ (1-nBp) <l
e,

Y (50 +
which proves the result; one deduces then from what precedes that:

-
-

0 =
so that after a simple calculation : U =

Fo= 97 [(L-BB) o+ B-B) 7] Co=v7 |0 -8B)F0— (8- 5) 7]
Go=7 [(B-B) do+ (1-00) 6]  Ca=a7 |- (8-0)F0+ (1-BB) 7

this result allows to define the vacuum-like co-ordinates inside the medium for the ob-
server located in real vacuum: indeed, the existence of an observer located in vacuum
induces the existence of an interface between the moving medium and the vacuum, that
we shall assume orthogonal to the direction of motion of the moving medium; we shall
this time define a fictive observer at rest in the vacuum such that at a given instant
(hereafter designed as the initial vacuum instant) its position coincides with the position
of the interface, and that at this time one has dy = ‘ Ovﬁvf where (y is the distance
between the reference observer Oy in vacuum and the fictive observer Oy, in vacuum,
this distance being evaluated in vacuum; let us introduce (130, z, Yy, g) the vacuum-like
co-ordinates of an event perceived by the reference observer at rest located in the real
vacuum, (:c fﬁ, Ty, Yy, zf> the vacuum-like co-ordinates of the same event perceived by

the fictive observer and (EOI, 7y, zZ ) the vacuum-like co-ordinates of this event per-
ceived by a moving particle in vacuum and bound to the moving interface; obviously, the
interface moves with the  rapidity for the observers at rest in vacuum, while it moves
with the (3 rapidity for observers at rest located in the moving medium, so that for the
observers in vacuum one has:



Electronic Journal of Theoretical Physics 4, No. 14 (2007) 87-120 103

o = @ ) 0y @ 45
ﬁ = fy (ﬁ jo, _'_a_:,) from Wthh & — f)/ (ﬁ jo/ +1_;/) + dV

=/ =/

Yy =y zp =2 y=9y z=7=2

since the two observers in vacuum remain at rest and have the same time perception;
similarly, one introduces a fictive observer in the medium such that at the initial vacuum
instant, its position inside the moving medium coincides with the one of the moving
interface and dy; = HO M_é) M H where ;s 1s the distance between the reference observer
Ou in the moving medium and the fictive observer Oy, in the moving medium, this
distance being evaluated in the medium; note that the two fictive observers are created
only for calculation rules: indeed, it d, (x(’) > (y where (, (xé) is the distance between
the reference observer in vacuum and moving interface, then the moving medium leaves
the reference observer in vacuum and goes towards the reference observer in the medium,

0 = 0 is in vacuum for

so that the fictive observer which was in the medium at 2° =
7% > 0, while if d, (a:o) < dy, the moving medium goes towards the reference observer

in vacuum and the fictive observer in vacuum at z° = z° = 0 is in the medium for

0

z° > 0; then for the moving medium:

2 =7 (z¥ +87) =75 (@ +47)

;=7 (82" +7) from which: z = 5 (32" +2') — da With dy = 1 du

Yy =y zy =72 y=y z=172

note that no distinction has to be done for the basis vectors which are the same for the
fictive and reference observers; hence from a same 4-event perceived both by an observer
at rest located in the real vacuum and an observer at rest located in the moving medium,
one has:

= — g — g — — — —
M=M"e,=7"o+Tyea+ysey+7zse.=1a;"€5+r5es+lsey+2z5es

hence from what precedes, it comes:

0 =47 [(1-88) 2°+ (8- B) (2 + dur)] ' =y7[(1-5p)2° = (8- 5) (z - dv)]
z—dy =77 [(1-060) (@+du)+ (B-0)z°] © z+du=77[(1-88)(x—dv)— (6-8)2°]
y=y z=72 y=y z=z

replacing then 2% and Z’ by their values in terms of 2% and 2/, and relating 2% and 2z’ to
2% and x thanks to the Lorentz transform with the vacuum-like 3 rapidity finally leads
to:

P =P [(1=nP) =D @) = F - F) e == 1) @~ av)]
x—dy =7 [(”—52)(ﬂf—dv)—6(n—1) xo] x—dV:ZL—Q[(1—n52)(£—dv)+5(n—1)x6}
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so that 20 = 2% and = z if n = 1. In these conditions, the 4-impulsion vector of a
photon is, for the observer at rest located in the medium

=

P = % {n230+n [cos@_éx—i-sin@ (Cos®gy+sin®gz>]} = p*
1 (76)

Q

—

=

C

_ hvn? [Eo+cos@gx+sin@ (Cosq>gy+sinq)gz>] = %

from the former definition of the 4-impulsion, one deduces that

6 = cos © gm + sin © (cos P gy + sin ® gz>, and that E = hvn? = n?2 O it
is a well known result that the energy of a photon in a medium of index n is n? times
its energy in vacuum, but the important fact is that this result remains valid, even for
a moving medium, in the point of view of the observer at rest located in the moving
medium.

Replacing then €4 and €, by their values in terms of eo and E’x, leads finally to

;_hvn 'y"y[n—ﬁﬁ—l—(ﬁ—nﬁ)cos@}zo—i—v?[nﬁ—B%—(l—nﬁﬁ)cos@}gx —
¢ +sin © (cos P E)y + sin ¢ E;) g

(77)
so that introducing the values of v and cos © in terms of v/ and cos ©' gives the values
of P* obtained by Eq. (51). Replacing now €, and €, by their values in terms of a—) and
e, gives the important result

hvn? | vy [1—ﬂ6+<6—B)COS@} €5 +779 [ﬁ—ﬁ—k(l—ﬁﬁ)cos@} e
¢ + sin © (cos@gg+sin®gg>

=
P =

(78)
this is the 4-impulsion energy of a photon evolving in the moving medium and expressed
in the vacuum basis of an observer at rest located in the real vacuum, while this photon
4-impulsion energy perceived by an observer at rest located in the moving medium is
simply ];5 = h”C”2 [gg + cos © gﬂ; + sin © (cos P gy + sin @ gz)} ; under this form,

Eq. (78) allows to define an apparent energy and direction © of propagation of light in
the moving medium for the observer located in vacuum, such that:

%zh”"—fw[l—ﬁﬁ—%(ﬁ—ﬁ)cos@}

A 5—B+(1—5B) cos© N ﬂfBJr(lfﬁB) cos ©
cos© = 1—= 5 cos© = —— _
_ — ;O A _ _
. 1A +(0-7) ?Obe o from which & = ¢ and 105 +(9-) cos ©
. — sin© cos d N _ <in®
st cos ® = o (5 Ay eone) SO = e () o]
A A sin © sin ®
sin © sin ¢ = ATiB5+ (5—5) cos ]
- cos © = (2000 (00
one can easily verify that cos? © +sin? © = 1, so that o
sin © = sin ©

Y7 [1=BB~(8-5) cos 6
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. 1 .
hence p = £ | | with £ = hyn?
‘| g ¢ eyy[1-BB+(B-B) cos O]

For a constant refractive index n, the light trajectories inside the medium are straight
lines; indeed, these trajectories are the light geodesics determined by the geodesics equa-
tions

% + F%‘& PP PY = (0 where G is a step parameter on the trajectory defined by P% =

& ~ . . ~ sam - 035 035+
4e” and I3, are the Christoffel coefficients such that rs, = & 8;]%“’ + 89;’2," - 8‘(;‘2 :
obviously these coefficients are all 0 for a constant refractive index, so that the geodesics
equations lead to P* = constant, or equivalently % = 1;—; = constant, and for light
propagating in the (Z, §) plane, one has:

~ - ~ ; ~ ~ 7\ 2 ~ 5 502
di = <2047° dj = 10 di° hence d5* = [1 + ()] di® = ;B = 42
and one retrieves the obvious relation d‘% = %, or equivalently d‘% = 1; furthermore,
from what precedes, it comes that:
dz _ (B-B)di® +(1-8B3)dz _ B—PB+(1-pf) cos © ~ 06

da® — (1-pf)da® + (6-B)dz  1-Bp+(B—P5) cos ©
dy dy _ sin © — sin ©

de® — y5[(8-B)da® +(1-pf)dz]  ~AY[1-BB+(8—B)cosO]

2
hence ds® = [1 + <j—§> } dz? = de® 7,07

Note that expressed in terms of (z°, x, y) co-ordinates set, the previous relations are
equivalent to:

de  (n—=p) & -pn-1) dy n

a0 " G- ) L dad R [F = 1) &+ L0 7]

so that when © = 0, one has % = 1 and % = 0, from which it comes:

% = 0 and % = % = % which is the Fresnel’s drag additional formula
for © = 7, % = 0 and % = 1, from which one obtains:
= S ond = g vence [(5 = 0) ond (% = 1)] & (n = 1)

we retrieve the fact that it is impossible to define a physical direction for light in

the moving medium when using the sets (go, €py €y, ez> and (2°, z, y, z), since the

two vectors €y and €, are not linearly independent; let us introduce now the habitual
matter co-ordinates (ﬁ:o, z, 7, 2) for the observer located in vacuum, such that for an
event in vacuum the co-ordinates (io, z, 1, 73) coincide with the vacuum co-ordinates
(:cﬁ, z, Y, g), for an event in the medium perceived in the e, direction by the observer in
vacuum they are:

0 . . . - . .
0 =3 ¢ = ny & then for a light propagating in the e; direction, one must have
A — —
dd% = ”LH’ and for an event in the medium perceived in the e; or e; directions they are:
20 =3 y=mn,9 2z =n, 2 where obviously n, = nand § = y as 2 = z if

the observers in vacuum and in the medium perceive the same y and z co-ordinates; the
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observer at rest in vacuum perceives naturally the time in a given “direction” which is his
fundamental time vector reference system, in the vacuum as well as for events located in
the moving medium: this implies that the time direction 6_6 perceived by the observer in
vacuum for events located in the moving medium must be the time direction € perceived
by this observer for events located in the vacuum, which is the case by construction of

e_(-;; similarly, the observer at rest located in vacuum is unable to distinguish a light ray
emerging from the moving medium in the perceived e; direction for a perceived frequency
v, governed by d‘% = "LH’ from any light travelling the vacuum for the same perceived
direction and frequency and characterised by d‘% , so that for the observer located in

vacuum, the light emerging from the moving medium in the perceived direction e; will

obey to:
dé 1 _ dz 1 PRI _ n+B _
40 = n = dad = = from which it comes 1 < n| = Tipn <M =Ny

Then, the Fresnel’s refractive index can be interpreted as the apparent refractive index

of the moving medium in the direction of motion of this medium effectively perceived by
the observer at rest in vacuum; hence the two relations difa = cos © and % = sin ©

can be rewritten as:

dz cos ©
da? |

= d§ =

di\ 2 ds \ 2 n? cos? © + n? sin®> O
1+(y>]<x> 43" = = ” 43"

dj __ sin® dz dJA?O ni nﬁ

d &0 ny

. . . n2 n2
from which one deduces the apparent refractive index: n? = — —
e n3 cos? ©+n? sin® ©
This apparent refractive index is the extraordinary wave refractive index for an uni-
n? n?
1M

n2 sin? (% —é) +n‘2| cos? (g —@)

. . . . - - .
axial medium of optical axis ¢ = e [6] : indeed, n? =
-
s

where 5 — O is the angle between the unit wave vector () and the optical axis gH of

the medium, so that it comes 67‘ = e;: hence, if the observer at rest located in vacuum
perceives the same y and z co-ordinates as the observer at rest located in the moving

medium, the observer located in vacuum will perceive the isotropic moving medium (in
the point of view of the observer located in the medium) as an uniaxial medium whose
optical axis gH is orthogonal to the perceived direction e, of motion of the medium and

in the plane (e;, Q) where € is the perceived direction of propagation of light in the

moving medium; in the fundamental orthonormal basis (e}, e}, e_;), the dielectric tensor

n? 0 0
of the medium will be represented as € = g5 | 0 nﬁ 0 , with 1 < n < ng, so that
0 0 n?

the observer in vacuum will perceive the moving medium as a negative uniaxial medium,
with reference matter co-ordinates:

=i s =n(0)2(6) y=n(0)5(6) z=n(6):(0)
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hence in the uniaxial medium, the only possible reference co-ordinates are vacuum-like
co-ordinates; since the two observers perceive the same y and z co-ordinates, one writes
y=ngandz = nzwithy = gand z = Z.

Let us now examine an electromagnetic field associated to the photon propagating in
the moving medium: the co-ordinates (7°, Z, ¥, z) and (i‘ol, T 2’) associated to the

. —_ = = — — — — — . = /
basis (éo, €x, €y, éz> and (éol, €xr, Ey, ézl) [respectively (xo, xz, v, g) and (i’o T Z’)
— — — — — — — —
associated to | ep, €z, €5, €3] and <éox, €x's €y, éz/>] being related thanks to a vacuum
Lorentz transform, the vacuum-like electromagnetic tensors are such that:

pr . OzF 31* W' wv' 83[:“ 0z ppv
= = oz 9z F and F — 9z dzv F

from which one obtains after calculation:

/

EE=E =FE E'=~(E" +¢B8B°) =7 [(1 — BB) EY +c (8 — B) B?]
E* =7 (B —cBB”) =77 [(1 - 88) E* —c (8 — B) BY
pr=pt =5 =y (7 -25) =7 (L= 88) B -1 (5 - B) ]
B* =7 (B"+¢EY) =97 [(1 - 88) B> +1 (0 - 5) E']

(79)

choosing a monochromatic plane wave magnetlc field perceived by the reference observer
at rest located in the moving medrum B Bo exp { 2“”’ [Z° — (Z cos © + 7 sin O)] } ez,

where Q = cos © ex + sin © ey, leads to for the assomated complex electric field (par-
allel polarisation):

2imy [z° — (% cos © + ¥ sin @)}} (— sin © ¢, + cos © gy)

C

E = FEop exp {—

here E and E are vacuum-like fields so that B = %, from which one deduces the compo-
nents of the associated vacuum-like electromagnetic field relatively to the observer located
in vacuum:

£ = —FEsin0© Eﬂzfyfy[(l—ﬁﬁ)cos@~l—ﬁ—mE E2E=0

BE=0 BY =0 Bézvﬁ[l—ﬁﬁﬂL(ﬂ—B)COS@]%

replacing © by its value in term of © finally leads to:

T sin © _ Yy cos © z
B = b i (-pyewe] P T ESi - (- eme £ 70
BE=0 BY!=0 B% = E

1
v¥[1-BB—(B-5) cos O] ¢

A

from which one obtains: B =¢c FE <— sin © Zi 4 cos © €g> E =

ol

o T . o FEo
where £ = Fj e , with Fy = A8 (5=F) o 3] and

U = 272 [70 — (Z cos © + 7 sin O)]

Cc
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in the phase expression, the co-ordinates are the vacuum-like co-ordinates relatively
to the reference observer inside the medium, D and B are the components of the vacuum-
like electromagnetic field perceived by the observer at rest in vacuum, and

—
~

Q) = cosOe; +sinO Zg is the perceived unit wave vector associated to the electro-
magnetic field; hence, since the observer in vacuum perceives the moving medium as
an anisotropic uniaxial medium, the apparent electromagnetic induction field inside the
medium and perceived by this observer will obey to:

kD=0 kB =0

-
. where L is the wave vector inside the medium:
= —wD

Elwt

FAE=GB kA

— —
k = 222 n,
C

hence B = Bo exp {—217’”’ [550 — N, (i cos © + 7 sin @)}} 5 = BO e—i¥ e_;from
which one deduces the electric induction:

ne BO
c o

D =

-7, . A — A — —
e 'Y (— sin © e; + cos O g) =Z

then it easily comes for the electric field: E = n,c By e iV (— sin © e, -+ s © Z) =

A~ SN
EO 6_7'\1} R
n? nﬁ (ni cos? @Jrnﬁ sin? é) ~ 2

c2 (n‘i cos? @—&—nﬁ sin? @) 0o

- = .2
one immediately verifies that k A £ = @ Band B, =

2 2 . . .. .. .
% E,, where N. is the extraordinary ray refractive index for an uniaxial medium of op-
—

tical axis ;H = ¢; [6]. Then, the apparent electromagnetic field inside the medium is for
the observer located in vacuum:

: b oid [ snd > o
B =n. N, Ege (—Sl:i o+ ey)
= i A A =\ from which it comes E, e~ ¥v =
D =¢yn. N. Ege — sin © ez + cos O ¢; 0
-
7 _ Ne v —i¥ 7
B—?EE()G €5
—i 0
LEoe " Y,

where Uy and Uy are the vacuum-like phases, that is:

Eoexp{—%:ﬁ [:cﬁ— (gcos@%—gsiné)]} :@exp{—%zy [azo—(:ccos@—irysin@)}}

the invariance for all § = y implies ¥ sin © = vsin O, and from the transformation
formulas for the co-ordinates one has:

v [9—30 —(Z cosO+ysin©) (z—dv) cos é—f—g sin é)] }—I—VW cos ©

]:w"y[lfﬁ B+Elﬁfﬂ7) cos é] {1‘6 _[

L4 ~
v7[1=8B8—(8-B) cos O]
rest in vacuum, depending on the propagation direction, v being the frequency of the

hence v = is the frequency perceived by the reference observer at
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radiation for the reference observer located in the medium, and:
v (fo—i'cos@) =r <x6—£cos(:)> —i—ﬁdvcosé—l—nyndos@

on the moving interface inside the medium, #’ = 0, from which z = 3 2% + ¢y and
z = B 2° —n du, so that:

(1 - Bcos®) =0 20 (1 — 3 cos @) and since on the interface v 1° = 5 z
one has the fundamental relations:

(1—5005@) <1—ﬁcos@>

ysin ® = psin ©

with Eq exp (2107”’ dy cos é) = Ep exp (— Zimy )
hence the internal apparent fields perceived by the observer at rest in vacuum are:

-
: —ir 2iri [0 R P né 6~
= Nene Eg e’ exp{—%[z — n, (xcos@—l—ysm@)}}(—SI;‘2 eg—c—i-c‘;sﬁ eg)

-

X No Eg e~ iT 5 [0 . ~ oA _

B:%exp{—%%” [x - n, (mcos@%—ysm@)}}ez

with e7 ' = exp [— 2:’;“ (ﬁ dy cos © + nv dy cos @)}, while for the observer located

in the medium, the true electromagnetic field is:

= Foexp {— 272 [2° —n (% cos © + § sin ©)] } (— sin © €, + cos © gy>

ol &
|

= 2L exp {— 22 [3° —p (% cos © + g sin O)]} .

The observer at rest in vacuum perceives emerging electromagnetic fields (parallel polar-
isation studied here) such that:

A A S . ~ — A —
E, = Ey e '% <— sin ©; ez + cos O, €g> . o oo . .
= A A with ¥, = =%= [as — <a: cos Oy + 7 sin Gtﬂ
Bt — h e_iqjt g_
- z

(&
where O, and 7, are the transmitted angle and frequency perceived by the observer
at rest in vacuum, related to the transmitted angle ©'; and frequency v/ in the co-moving
LRS by v/ sin ©'; = 1y sin ©, and C?s o, = % = 7% (COS 6, —ﬁ); on the
moving interface, since z = & = B 2° + dy = 3 2° + dy, one has for the transmitted

field on the interface perceived by the observer at rest in vacuum:
E, = @ exp {— QZLC’” [;%0 <1 — [ cos (:)t> — ¢ sin ét}} (— sin ©, €5 + cos O, E’g)
B, = % exp {—Q’Lc”t [io <1 — [ cos (:)t> — ¢ sin @t}} e,

with EOt = Eot exp (2” P v cos @t>
since Eq. (79) must be verified, one obtains the components of the transmitted field
in the co-moving LRS of the particle bound to the interface in vacuum:
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/
~ ! Az A oA o A v g
E, =FE = —Eysin©, e % = — F,, — sin ©, e ¥
t t 0t t Otﬁ t
t

for the phase, it comes easily after calculation:

A

U, = i [wﬁ — (gcos 6, +y sin @t)] = 2”7”/ [EOI — (7' cos ©'y + 7' sin @’t)] — 212 g0 cos O

c Cc

=V, — 2”6’“ dy cos O,
i A / —
and: F/, = —FEy = sin ©', e ¢
— UVt
doing so for the two other non zero components leads to:

Ei’ = (Etg —cf Bf) = v Ey (cos o, —ﬁ) A @Z—; cos O, e~V

/\Z/

B, =« (Ef—gE%) = 7% (1 — 3 cos ét> emil = %Z—: etV

The electromagnetic field expressed in the co-moving LRS of a particle inside the moving
medium and on the moving plane interface has the following form:

— sin @/7;

E'; = E'y exp [_ 2y ("EO, —ny' sin @,i)} cos ©';

C

0

/! _ nE 2imv o’ . / -
By = =0 exp [_T (x —ny sin @Z)} €

—

since ' = 0 on the interface, where E; ; and B’; are the incident fields on the interface;
when the incident wave impinges the interface with incident angle ©’;, a reflected wave
appears in the medium and a transmitted one appears in the vacuum, such that the total
fields are:
*in the medium:
— (1 -+ T’H) sin @/i

E'tr = FE;+ FE, = E'yexp [—L””/ (:L‘Ol —ny sin @'i)] (1 — 7"||) cos ©;

C

0
By = B+ By = “E5 (1 4+ 1) exp [~ 222 (29 —ny sin 0/,)] ¢
* in vacuum:

E'y = E'y t) exp [— 2imy! <$0/ — 1/ sin @'t)} (— sin ©'; gw/ + cos Oy Ey/>

c

B—;t = ETIO t| exp [— 217’”’/ (xol — 1y sin @’t)] EZ,

since the reflected angle equals the incident one and where the frequency remains
unchanged threw the interface in the co-moving LRS, ©; is the transmitted angle, 7,
and ¢, the parallel amplitude reflection and transmission factors, since by construction
the matter co-ordinates 2%, v/ and associated vectors of the co-moving frame remain
unchanged from the medium to vacuum; hence the continuity relations for the fields
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through an interface lead to n sin ©’; = sin ©'; which is the classical Descartes’ law,

;o Y, ’
T o= o 8/_ +Z§gz g,: and t| = é,@ ioi?o; o then one deduces from what precedes
A . . . . . . .
that By | = l’j—t Ey; and the incident electromagnetic field inside the medium relatively

to the reference observer at rest in the medium is such that Eq. (79) is verified, that is
after a simple calculation:

— i, . - -
L, = Epe i <_ sin ©; €, + cos O; ey> Vi Yim v
where Ey = ~7 E'g exp (Tn dnr €os @i)

Bi = coezlez

and ; = Q’TT” [:io —n (& cos ©; +7 sin @i)},
2im (19,5 dv cos (:)t +n v; dy cos @ZH

vy Eo

exp
ve 1| [
while the phase continuity implies for all y that: 7; sin ©;, = n v; sin ©;; then from

c

hence: Fy =

what precedes, one has:

C

~ /\,L'EAI 2 ~ A A~ A
B = YiLfot exp [—ﬂ dv (Vi cos ©; — U; cos @tﬂ

and the apparent incident field perceived by the reference observer at rest in vacuum is:

-
A ~ ~ A . . é — é —
E, =n, <@z> Ne <®z> FEy e " Yi (— 3122 L ez + COTSZ‘Q‘ . eg)

€L

5o Ne(6)
. A P —
i = —L Eye Ve

Qj>

with \ijz = 2”—0191 {i‘o — MNe <éz> |:JAI (éz> COS é)z —i—g} (éz) sin é{|}
since on the moving interface z = n, (@J z <(:)Z) =f a0 + dv = 0 &% + dy and
N, (éz 3 (6;) = ni, one has for the apparent incident field on the interface perceived

by the observer at rest in vacuum:

>l

i = Tl (éz> Ne <é1> EOi exp <21LCV’ dy cos (;)2)
X exp {— @ [500 (1 — 3 cos (:)Z> — ny sin él]} (— SiEQé" €r + Cozzéi e;)
L1 I

_ Ne(®) EOi exp (ﬂc”l dy cos éz> exp {— @ [:i“o (1 — [ cos é),) — ny sin éz]} 62

? c

|

the phase continuity for the fields implies 7, <1 — 3 cos @t> = <1 — [ cos (:)Z> and
Dy sin ©; = n i; sin ©; which is obviously verified, and the apparent transmission factors

are defined such that: _ .
E, =Tz E; B, = 1), B;

with:
By . . N .
T, - = Eot  exp |— 2% gy (©; cos ©; — D, cos O
’ B Ne(@i) Eo; ¢
_ Eoq 2imdy (7 B _ Dt
= — 20 exp |— D, — )| = & 2
Ne(@i) Eo; P [ cp ( ¢ t)} Vi Ne(ei)



112 Electronic Journal of Theoretical Physics 4, No. 14 (2007) 87-120

and:
2 ~ TL2 'I’L|2
LT Y —n in Tl T n
— N A n2 n2
— vy : . 2 Yy o Il
Tk TIIETHEO = || THEsm O, +n T\ g cos 0, = A Tj|,B cOS 6,
zx TZ?J 2z P é _ n? 2y é
ILE LiLE LB Tjjp s Oi = 3z T €08 O
Z
for the amplitudes, T} g = 1= (@ > Ty, and:
=]
A N Tr*, sin o, T"Y cos ©; 2 TY"  sin 6, T cos O, 2
2 . 2 . _ ZLE N LE N _ ZLE v LE ¢
(o) ne (o) [ (- e (s s ] o,

(o) [ (T + T?) cost €+t (1757 + 757) sin® 6,

= il ) = iz
JR— XTT ] . .
2 n* nj < i TIIE TIIE Ty E) sin ©; cos ©;

then it is efficient to choose WE T|| = —i—’_ﬂ B TII » = 0 and the transmission matrix can
be diagonal, with:
n? n

—— T, sin O, Tﬁ”j; cos ©; = —
ZORE 0

For the reflected fields, relatively to the two reference observers, the situation is slightly

2
I

TT i (O A
Ti['k sin 0, = T, cos O,

different, since if in the co-moving LRS the reflected angle and frequency equal the
incident ones, it is not the case for the reference observer located inside the medium
and for the one located in vacuum; in the co-moving LRS, the reflected unit wave vector

is
— cos ©/; cos (m — ©) cos ©,
Q) = | sin@, = |sin(r — ©,) | = | sin @,
0 0 0

applying the angle and frequency transformation relatively to the observer located in the
medium leads to:

V,8sin ©, = V' sin ®, = V' sin ©; = v; sin ©;

cos O, = cs @y +B _ cos(m—O')+B _ B—cos O
T 14+Bcos®,  1+PBcos(m—©";) = 1—fcos©;
but cos ©'; = w from which one obtains:

1—/3 cos ©

28— (14 5%) cos ©;

1+52*250089i 7& - 08 GZ = ®T 7& T @Z

cos O, =
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hence one has the fundamental result: relatively to the observer located in the moving
medium, and similarly relatively to the one located in vacuum, the reflected angle is not
the incident angle, the latter result being true if and only if ©; = 0 or 3 = 0; then the
relations between the reflected and incident angles and frequencies are:

c0s O, = 28— (1+5) cos ©;
T 148% —28 cos ©;

v, = 72 y; (1 + 3 —283 cos @i>

Sin @1
~2 (1+B2 — 20 cos @i)

sin O, =

one easily verifies that cos? @, + sin? @, = 1; relatively to the reference observer located
in vacuum, it comes:

cos O, — B—B+(1-pB)coso,  B+B—(1+8B)cos@; 28— (1+4?) cos 6;
T 1—ﬁB+(5—B)COSGr B 1+ﬂ[§—<,@+3) cos ©; 1482 —28 cos ©;
sin (:) _ sin ©, _ sin ©; _ sin ©;
" yv[1-BB+(B-B)cosor]  A7[14+BB—(B+8) cos@i] 12 (145> —28 cos 6;)
obviously the relations v; sin ©; = v, sin ©, = U; sin (;)Z are verified, and one ob-

tains after calculation the expected result 7, = 72 ¥; (1 + % =20 cos (:)Z> from which

7, sin ©, = 7; sin (:)i; furthermore, from the definition of the reflected angle, it is easy

to obtain :
cos ©, — 3 v, - cos O, — 3 iz _
cos®, = ————  — = —(cos@r—):—: — (cos B, —
1 — 3 cos O, Ty & 1 — 3 cos O, 71/’( f)
then the apparent reflection factors on the interface are defined such that:
- - o] Rijz0 0
E., = Ryg E; B, = Ry B;, with Rp = =y and R g = | 0 RﬁyE 0
B; ’
0O 0 0
and the total apparent electromagnetic field on the interface is given by:
Br = B exp (M55 iy cos0) ne (60) N, (6) 1% (T + o) (— a8 6 w28 )
1 I

oy
S
I

; Eq; Ne (C;)l> exp (2“%” dy cos @z> (1 + Rﬁ) e~ i e_;

[

where E = 2”—6”’ [:%0 (1 — [ cos (;)Z) — ny sin éz], then the continuity of the fields

implies:

* for the magnetic field: 1 + Ryp = T)p = 1 + R B = %
* for the tangential component of the electric field:
cos ©; 1).B A
T = 1+ Rl (1+ Blf) = = cos O,

nﬁ - Te (éz)
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* for the normal component of the electric induction (when the interface is assumed free
of charges and currents):

T
T &

n2

1),

One may notice that all these expressions (for parallel polarisation) are valid for an

n —n . . .
———L where n, and n| are the principal refractive
n, TLH -1

1+ Ri% = (1+ R%) sin ©; = sin O,

uniaxial negative crystal, with g =
indices of the crystal.

\/n2 cos2 ©+n2 sin? 6
Il ~0
o dz

is not an effective index but only an apparent index, and the refractive phenomena which

It is important to note here that the refractive index such that ds =

occur inside the moving medium have to examined from the reference observer located
inside the medium point of view; hence, when the reference observer located in vac-
uum perceives an incoming intensity emerging from the moving medium, he knows its
transmitted direction and frequency, from which he can deduce from what precedes the
apparent incident direction and frequency, directly related to the real incident direction
and frequency perceived by the reference observer at rest in the medium: then the initial
problem, that is to find an invariant form of the radiative transfer equation has to be
examined from the internal observer’s point of view.

4. Derivation of the Radiative Transfer Equation

Let us now pay attention to the derivative operator P* 9, along a photon path inside
the medium, using the two sets of mater co-ordinates relatively to the observer located
inside the medium; from (72), one easily obtains that

0 _~(0o L B0\ 0 _ (3,0 9
92" _7<ai0+naﬁ;> 57 =7 (Bnge + )
, (80)
o0 _ 0 o _ o
oy — 0y 02 ~ 0z

Performing the calculation of the different contravariante components of the 4-impulsion
vector leads to

0 — p2 b _ 2 hyv (1 3
PT=mn c =" c (1 ﬁ'u)
' _ hv'ny _ hun g 2
Py’ _ hv'nsin® cos® _ hynsin © cos & Pz’ _ ht'nsin® sin® __ hynsin © sin @
o c - c o c - c

from which one obtains

PV 5%+ P e = {1 = B+ B (= B)] o + 5 [B (1= Bu) + 1= B] 35}

_hn () & o 0\ _ pd & | pid
= (”ai0+“ai>_P a0 TP a3
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and easily deduces that

;0 ;0 h 0 0 0
Pya/+P 9 = Vn(sm@cos@§+sm@sm<baz>—Pya—y+P8
(83)
Then one has the final and important result
i v O D O D O Oy e O
0 xV ox' ay’ 0z 0° 0T o4 0z
rewritten under the more compact form
P* 0w = P% 85, (84)

which reveals that the derivative operator along a photon path is an invariant quan-
tity, unless one uses the fundamental mater variables (ZL'O/, oy, 7 ) and (93 T, 7, Z )

. . - - = = - - = =
associated to the fundamental basis (eof, €ary €y, eZ/) and <€[), €z €y, ez); note that

PY 9y = bn [ 7 07 + cos ©' 52 + sin © (COS <I>’8i + sin ¢ %)}

c
_ hv'n 0 / _ hv'n 9
= hrn <n s + 8 gmd) = R (n Foo T ay)

where -2 57 1s the habitual curvilinear spatial derivative, that is the propagation unit vector

so as the gradient vector (expressed with the mater co-ordinates) are given in the vacuum

basis; similarly one has

Pd s = hvn [nﬁi -+ COS@ 8 + sin © <COS q)% + sin @%)]

C

c

hence from Eq. (83) one may rewrite the derivative operator transformation under the

n o 0 , (n 0 0
(‘&*a—) = (mﬁ@)’ (85)

It is now time to focus on the energetic invariant quantity, namely the specific intensity; let

useful form

us first remind the obtaining of the specific intensity when the system to be considered is
vacuum, following the steps developed by Mihalas [1]: if IV is the photons number passing
through a surface element perpendicular to the particle speed vector at a given frequency
and a given propagation direction, this number in the comobile LRS is expressed as

L' Q' dS dv' dSY dt L' cos © dv' dSY dS dt’

N = g
hv' hv' ’ (86)

relatively to the observer LRS, this number is

LdvdQ dS dt — —  LdvdQdsdt
- - - <Q _ 5) - -

N:
hv hv

(cos © — f3), (87)
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from which one immediately deduces that

L' cos © dv' dSY LdvdQ)
= ’YT (COS © — 5), (88)

I//
since the proper times are related with dt’ = % ; moreover, using the optical aberration
and frequency Doppler shift transformation, cos © — § = %, hence, using the solid
angle conservation v dv dS) = v/ dv' dS), one obtains

L L

BT (89)
which justifies that I = % is the specific intensity for an unit refractive index medium;
if the refractive index is not one, analogously to what precedes, the specific intensity
is simply RQL—;/S} = ﬁ since relatively to the observer at rest inside the medium, the
moving medium remains isotropic of refractive index n; then since at rest the intensity is
n—LQ, well-known result [7], one deduces the previous result; then the left handed side term

of Eq. (1) obeys to the following relation

22 L _|_2 L — 4/ 22 L _|_i L (90)
v c Of \n2uv3 05 \ n2 v3 Vot \nz B ds' \n2v3 /)|’

If one considers now the number of photons emitted by an elementary volume in an

elementary solid angle around a given frequency interval, this number can be expressed

as ~
g dVdYdV'dx”  pdvdQdV di°

chv chv ’ (91)

where 7 is the emissive power; due do the scalar density conservation, it comes that

\/— Detgdi® dV = \/— Detg da® dV’
(92)

= di%dV = d2% av’

N

hence one has from the previous result and with the help of Eq. (70)

/

n Ui

similarly the number of photons absorbed in the same conditions is

N K L' dv dQ dV' dz” _ nLdudef/df;O, (04)
chv/ chv

k'L’
p)

where £ is the absorption coefficient; from what precedes, one deduces that *; "V—QL

Y

and by definition of the specific intensity, one finally obtains
KV = kv, (95)

so that the right handed side term of Eq. (1) obeys to the following relation

L -kl = L o - KD, (96)

n? vy
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In the vacuum, the emissive power is simply the Planck function multiplied by the ab-
sorption coefficient £ [.°, while in a medium of refractive index n, it isn = n? x L°, from
which it comes the invariant forms of the RTE

%ai (nQL/’?’) + Js (nzL;’?’) = 5_3 (LO _TII’/_;)’ (97)
ta (Fw) T o (Fm) = 5 (L0 —3%)
Hence, noting the total spatial derivative % == (% + 82 one finally obtains the usual
form of the invariant RTE
a4 o] = °
ds ki = k73
= () = T() exp | = [iL, k(3) ds| + [, S exp | = [3L k() d3'] ds

(98)
Then the reference observer at rest in vacuum is able to determine the (real) radiative
field inside the moving medium from the perceived emerging directional and spectral
intensity field.

5. CONCLUSION

In this paper we described a way to construct a consistent “equivalent vacuum” and
“matter” space bound to the observer after a diagonalisation of the metric tensor related
to the Gordon’s metric, due to the moving (with a constant speed) particles of the non
unit refractive index semi-transparent medium; the construction of this space relatively to
the observer allows then the calculation of the optical aberration and frequency transfor-
mation in the new fundamental co-ordinates attached to the observer space, and leads to
the determination of the invariant specific intensity and the general form of the radiative
transfer equation in this space, following the method developed by Mihalas in vacuum.
We may expect to determine a more general formulation of this work by generalisation
to the case of non constant speed moving particles in a semi-transparent medium of non
constant refractive index.
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